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1 Intr oduction

This paperstudiesthe propertiesof a new classof codesintroducedrecently(andcurrentlybeing
used)in the context of digital systemtestcompactior{12]. ThesecodeshamedX-codesafterthe
“X” symbolusedto denoteunknavn logic valuesin digital systemsaddresghe problemof de-
tectingerrorsin the presencef unknowns. Specifically an X-codeproducesa hash(or signature)
over a setof input bits in a way that guaranteeshat errorsin the inputsleadto changesn the
hashdespitethe presence®f unknovn inputs. In contrastwith erasure-baseabproachesX-codes
assumehatoperationge.g., solutionof linear equations}o calculatethe valuesof unknown in-
putsareimpracticalorimpossible.In effect, theinput valuesareunknovable. Thesepropertiesdo
notallow characterizatiom termsof Hammingdistancealone,and,to the bestof our knowledge,
X-codeshave notbeenstudiedprior to theirrecentintroduction. The X-codemayalsobe usefulfor
otherapplications suchascommunicationsbut our primary focusis currentlyon digital system
designs.

For the purposef this paper we restrictour discussionto binary linear X-codes,although
X-codescould be generalizedn the future. The paperis structuredasfollows. The next section
describeghe digital systemtestingproblemand the practicalissuesthat give rise to X-codes.
In later sections,we develop a mathematicaformulation for the codes,study the relationships
betweendifferentclassesf X-codes,discussa few structuralelementsof X-code matrices,and
compareghemwith thesuperimposedodesdevelopedfor combinatorialgrouptesting(CGT). We
next describesereral constructionsthenconcludewith afew asymptoticoounds.

2 Digital SystemTestCompaction

For digital systemsthe voltageon a signalline is generallyinterpretedto be logic valueO or 1
(exceptfor signallines with high impedancestates). However, for mary systemssomesignal
valuescannotbe uniquelydeterminedo bein logic-0 or logic-1 statedirectly from the simulation
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Tablel: Addition andmultiplicationfor 3-valuedliogic. Restrictingoperationgo 0 andl produces
GF(2),but neitheradditionnor multiplicationformsagroupover all threeelementsinceX hasno
inversein eithet

modelof the system After power-up, for example the contentsof the storageslementsincluding
memoriesandbistableelementsuchaslatchesor flip-flops, areunknavn, andmay containeither
0 or 1, dependingon arangeof factors. Theseunknovn statesaremodeledas“X” states.Other
examplesof sourcesof X statesn a digital systemincludefloating bus lines and multiple clock
domains.

Supposehat we wantto testa newly fabricatedintegratedcircuit thatimplementsa certain
digital system.Theusualmethodis to applyinputstimuli (of 0sandls)andto obserethecircuit’s
responsaisingtestequipment.The responsedo a giventestinput is comparedo an expected,or
“golden; respons@btainedby performinga 3-valued(0, 1 andX) logic simulationof thesystem,
often leadingto the presenceof X’s in the goldenresponse.A large body of literature studies
simulationmodelsof digital systemawith X statesstartingfrom Eichelbeger's work on 3-valued
logic simulation[4]. For example,if anexclusive-OR (XOR) gatehasary unknowvn inputs, its
outputis alsounknovn. Table1 shavs the addition (XOR) and multiplication (AND) operations
for a3-valuedlogic system(0, 1 andX). While thetwo operationswhenrestrictedto thevalues0
and1l, aresimply GF(2), neitheroperationis a groupover all threeelementsasX hasneitheran
additive nor amultiplicative inverse.Similarly, distributive propertiesdo not hold. For example,

0=Xx0=Xx(14+1) # (XxD)+Xx1)=X+X=X

Outputbits thatarenot X’s in the goldenresponserecomparedwith the correspondingits
from theactualcircuit andachipis declaredo bedefectve (e.g., dueto the presencef manugc-
turing defects)whenthereis a mismatch.Generally a digital systemcontainstensof millions of
transistorshundredsf thousand®f flip-flops representindpits of state,andafew hundredinput
andoutputpins. Hence,it is importantto compactheresponsesf thecircuitsbeingtestedbefore
they aretransmittedover the pinsfor obsenation by the externalworld (i.e., thetester).

Due to the importanceof the testproblem,substantiakffort hasbeenmadeto designmeth-
odsfor compactinglencoding)testresponsesyeginning with Benawitz etal. [1]. Early work in
the areaappliedcompactiorusinglinear feedbackshift registers[5] andmultiple-inputsignature
registers[9] to compacta sequencef testresponses.Salujaand Karpovsky [14] appliedstan-
dardcodesto provide compactiorfor a singletestresponseAs the delivery of the hashfrom the
compactotto the testingequipments effectively noiselessary corventional(n, k) code(suchas
Hamming,BCH, or Golay)canbeusedto compacts: bits of responsénputinto m = n — & bits of
hashoutput,andthe coderetainsts corventionalHammingdistanceor errorcontrolin thetestre-
sponse$l4]. In digital systemtesting,the primarymethodis to detectfaulty circuitsthrougherror

2



detectionput errorcorrectioncanbe usedto diagnoseandanalyzefailuresin orderto improvethe

manufcturingprocessAlthoughnotcommonin currentpractice faultlocationanddiagnosiscan

alsobe usedto producea working circuit with reducedunctionality, ashasbeendonein the past
at coarsegranularities.As diagnosigs not typically performedfor all chips,Hammingdistances
of 2 or 3 usuallysuffice in practicefor digital systemtesting.

Unknown logic valuesin testresponsegypically have beenhandledoy conseratively ignoring
portionsof a responsepr throughthe useof logic specificto the circuit undertestor to the test
responseln theory a givenunknown logic valuein atestresponsenight appeamasdifferentlogic
valuesto differentgatesin a circuit implementinga testresponse&ompactoybut suchvariability
is irrelevantin practice. Bistablelogic elementgendto corverge quickly to eitherO or 1, and
unknowvn logic elementscan be treatedas erasureswvithout significantrisk [6]. Erasure-based
approachesuffer from practicallimitations, however.

Several methodscanbe consideredor applyingtraditional codingtheoryto the problemof
dealingwith erasuresn a goldentestresponse.Testequipmentmight solve systemsof linear
equationgorrespondindgo known patternsof erasuresor storemultiple patternsor comparison.
Thesetechniquegosechallengingimplementatiorproblemsin practice,however, dueto the im-
plicationsfor processingpower and storagein the testequipment. For the purposef testing,
systemconstraintgequirethat erasurecodeson approximatelya thousancelementde solvedin
roughly 10 nanosecondsAlternatively, for u erasures?* patternscanbe comparedwith the out-
put bits for eachtest. A codewith distanceof at leastu + e cancorrectu erasuresand detect
e errorssimultaneously Thus,with u erasureandat moste errors,we cancompareagainstthe
2" possibleoutputsfor matchesCurrenttestmethodologiesindarchitecturearebasedn perpin
comparisonanddo not readily supportthis technique.Also, for large valuesof «, it maybe un-
reasonabléo compareagainst2* patterns.Storingall of the patternds alsoimpractical,astester
memoryis limited. Instead the unknown input bits could be recordedthe correspondingows in
the codematrix looked up, andthe resultingbit patterngestedfor a match. While recordingthe
unknowvn inputbits mayrequirelessadditionalstoragehanrecordingtheoutputbits to beignored,
thetablelookup andcomparisorprocessemay take substantiatime. Several variationson these
approachearealsopossible tradingtesttime with storagerequirementsandaredetailedin [13].

Thelack of practicaltechniquegor handlingX’sin goldentestresponseaserasuregaverise
to the notionof the X-code,which allows thesevaluesto propagatdogically througha compactor
while guaranteeinghatary errorsin otherpartsof the goldenresponsearedetected.

3 Definitions and Abstractions

This sectionprovidesa moreformal definition of X-codes.The X-codeis designedo ensurethat
unknowvablevaluesin the responsdo be compactedthe input to the compactor)do not prevent
errorsfrom appearingn the hashof the responsdthe outputof the compactor) while assuming
thatarny outputsthatdependon ary unknavableinput arethemselesunknavable. In this paper
we limit our discussiorto binary linear codes. Suchcodesareimplementedascircuits of XOR
gatesandcanreadilybetested11] to ensurehatthe compactoitself doesnot somehav suppress



detectionof errorsin othercircuits. Non-linearX-codescanbe representeasarbitrary 3-valued
logic functionsof a setof input values but arenot easilyviewedassetsof codevords.

Werepresenacodeasann x m matrix H (with n rowsandm columns)wheren isthenumber
of bitsin atestresponseandm is the numberof bits in theresultinghash.As with corventional
binary codes,the matrix entry ;; is 1 if the jth bit of the hashdependson the i bit of the
uncompactedesponseandis 0 otherwise.The hashP is calculatedby multiplying the response
vectorV by thematrix H: P = VH. The 4 bit of the compactedesponses thusobtainedby
XOR-ing all bits¢ suchthat /;; = 1.

We formulateX-codesin termsof reducedmatrices.Let H be a codematrix, andlet S bea
setof rows of H. Thereducedmatrix Hg is the matrix formedby remaoving (from H) all rowsin
S andall columnsin which ary row in S containsa 1. We denoteby &, ; the classof X-codes
for which any two input vectorswith the samehashare separatedy a Hammingdistanceof at
leastd in the presencef upto « unknownn input values.More formally, the classX,, ; containsall
matricesH suchthat,for any setS of upto = rows of H, the codedefinedby the reducedmatrix
Hgs hasaweight(minimum Hammingdistancebetweencodevords)of atleastd. Error controlis
thensupporteddy thereducedmatrix in the usualform of minimum Hammingdistancebetween
input vectorswith the samehashvalues.
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As an example, considerthe matrix on the left above. Reducingthe matrix by the row r
impliesremoving therow itself alongwith the two boxed columnsin which therow containsa 1.
The reducedmatrix is shavn on the right, andfrom inspectioncanbe seento definea weight 3
code(codewordsare00000,01101,10110,and11011). By the symmetryof the structureof H,
all of thereducedmatricesdefinecodeswith weight3,andH € A’ 3.

Two pointscannow be madein light of the definition of X-codes. First, the reducedmatrix
formulationis equivalentto the useof 3-valuedlogic whencalculatinghashesAn unknavablein-
putr value(anX) producesinknonvableoutputvaluesin exactly thosepositions(matrix columns)
in which therow correspondingo r containsls. As errorsin otherinput valuesdo not influence
unknovableoutputs the matrix H,, becomeshe effective codein this case.Secondthe classes
X, - areidenticalto the superimposedor z-disjunct, codesdevelopedfor combinatorialgroup
testing(CGT), afactdiscussedn moredetailin Section4.

3.1 Terminology

A few definitionsareusefulfor discussinghe propertiesof X-codes.Theterminologyreflectsthe
digital testingcontet in which X-codesarose,althoughwe have adoptedcorventionalsymbols
andtermsfrom codingtheorywhenpossible.In particular we view the problemof finding “good”

X-codesasminimizationof the numberof outputsm for a fixed numberof inputsn.
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For the purpose®f this paperary codein X, ; canberepresentetdy ann x m matrix H; the
dimensionsarespecificto H, but therelationshipbetweem andm is constrainedy theproperties
of theclassX, ;. Rowsin H correspondo inputs,andcolumnsto outputs.The compactiorratio
of H is theratio of the numberof inputsto the numberof outputs,n/m. Theidentity matrix on
n elements/,,, is in all X-codeclassessinceall reducedmatricesof /,, arealsoidentity matrices
anddefinecodeswith only onecodevord. We saythatan X-codeis non-trivial if its compaction
ratiois greaterthanone.

Whencomparingtwo X-codematrices thefirst is smaller(larger) thanthe secondf thefirst
hasfewer (more)columnsthanthe second.An X-codematrix is optimal for a givenclassanda
givennumberof rowsif nosmallermatrixin theclasshasatleastasmary rows. In mary casesthe
classandnumberof rows areclearfrom the context, andthetermoptimalalonesuffices. Optimal
X-codesalwaysexist (possiblythe identity matrices) but arenot necessarilyunique. Finally, we
saythata matrix H is maximalfor a givenclassanda given numberof columnsif no othercode
in the classwith the samenumberof columnshasmorerowsthanH.

3.2 Matrix Properties

We now discussseveral propertieof X-codematricesfocusingonthesimilaritiesanddifferences
with traditional codes. In a numberof instanceswe make use of the one-to-onerelationship
betweerrowsin areducednatrix Hg androwsin thematrix H beingreducedotherthanthosein
thesetS). As thisrelationshipis fairly natural,constantreferenceo it tendsto clutterthe proofs,
andwe deliberatelyomit mentionof the mappingin mostcasesinsteaddenotingrowsin Hs and
thecorrespondingowsin H with thesamesymbols.

By definition,arny checkmatrix H for a cornventionalbinary linearcodeof weightd is in A 4.
As with traditional codes,givenary matrix H € &, 4, onecanform other matricesin X, ; by
removing ary numberof rows from H.

Matrices can also be extendedwith additionalrows and columnsto createuseful X-codes,
whereassuchoperationsare not worthwhile for mostother purposes.For example,to createan
X-codein X} 1; with 257 inputs,onecanconstructa block diagonalmatrix from a 255 x 40 BCH
checkmatrix[2] anda 2 x 2 identity matrix,asshovn belov. Theresulting257 x 42 matrixis in
Xo.11, but asa conventionalcodedoesnothingmorethanextendthe numberof checkbits, turning
a (255,215)codeinto a (257,215)code. The differencein utility relieson the factthatthe hash
bits generatedy an X-codearenot subjectto errors,whereasll bits in a corventionalcodeare
assumedo be subjectto errorsandmustbe protectedhroughthe code.

42
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The reducedmatricesof an X-codearealso X-codes. In particulay given H €&, ; andary
setof rows S in H suchthat |S| < z, the reducedmatrix Hg is in X,_s .. Similarly, ary



X-codeH € &, , alsosenesasaX-codeof smallerweightor for fewerunknawvns: X, ; C X, _1 4,
andX, ; C &, 4—1. Furthermoreusinga codeto handlefewer unknovnsincreaseds weight:

Theorem1 Vz,d, X, 4 C Xy g+1.

Proof: Let H beamatrixin X, ; andassumehat X, ; ¢ X,_14+1. Thenthereexistsa setsS of
rowsof H, |S| < x — 1, andasetT of rows of Hg, |T| < d + 1, suchthattherowsin 7" sum
to 0. Pickarow r € T'. Columnsin whichr containsa 1 do notappeain Hg,}, thusthe sumof
the rows correspondingo thosein 7"\ {r} is also0. Butsince|S U {r}| < z and|T \ {r}| < d,
H ¢ X, 4, acontradictiorwhich completeghe proof.

The corverserelationshipdoesnot necessariljhold. Considey for example,acoded €&,
andlet Hy,, €X, bethereducedmatrix for somerow r. No row ¢ in Hy,, cancontainonly Os,
nor canary row have 1sin a subsetof the columnsin which a secondrow hasls, asotherwise
(H{ry)1qy hasweightl, and Hy,y & X1 5. In contrastwith G €X, 3, therows in areducedmatrix
needonly be non-zeroandunique,implying thatat leastthreearerequiredto sumto 0. Patterns
thatobey theconstrainffor &, alsoobey theconstrainffor &, ; (equivalentbit patternsaresubsets
of oneanother) put notvice-versa.

Similarly, the codeon the left below is the smallestnon-trivial codein & ,. The Hamming
codeon theright hasbothfewer columnsandmorerows, andis optimalandmaximalin Aj 3, but
is notin X} », asanunknavn valuein thelastrow hidesall errorsin otherinputs.

0 01
1100

0 1 0
1010

0 11
1 0 01

1 00
01 10

1 01
01 01
0 011 Lo

1 1 1

Thesesubsetelationshipgorm apartialorderingonthe X-codeclassesGivenclassest,, ; and
X, ¢ With = > 2/, theorderingis undefinedf andonlyif z +d < 2’ + d'.

3.3 Submatricesand Row Weights

TheX-codematricesalsoexhibit anumberof interestingoropertiedbasedn submatricesindrow
weights.Thefollowing theoremgeneralizes propertyof corventionalcodesto X-codes.

Theorem2 ForanyH € &, 4, andfor anysetS of upto = rowsof H, andanyset? of fewerthan
(d + x —|S]) rowsof thereducedmatrix Hg, there existsa setC of | 7| columnsof Hg sud that
the submatrixformedby theintersectionof 7" and C' in Hg hasdeterminantl.

Proof: Asz > |S|andz +d > [S| + |T|, wehave H € Xg|p+1, andHg € X j7j+1. Therest
of the proofis adaptedrom corventionalcodingtheory Considerthe submatrixX of Hs formed
by therowsin 7" (with all columns).Build the setC' by startingwith any non-zerocolumnfrom
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X andrepeatedlyaddingcolumnsthat arelinearly independenfrom all othersalreadyin C. If
fewer than|T’| canbe found, somenon-emptysubsetof 7" sumsto 0, contradictingthe fact that
Hgs € Xy r|4+1 andcompletingthe proof.

Thistheorenmakesit easyto generalizeoneof theresultsfrom the CGT literaturefor arbitrary
classe®of X-codes:

Corollary 1 Forany H € X, ;, andanysetsS of upto = + 1 rowsof H, there existsa setC' of | S|
columnsof H sud thatthe submatrixformedby theintersectionof S andC' in H is a permutation
matrix (an identity matrix underrow or columnpermutations).

Proof: For eachr € S, apply Theorem2 to find a columnc, of Hg\ ¢ in whichr containsa 1.
Thepresencef ¢, in Hg\ () impliesthatall rowsin S\ {r} containOsin ¢,. ThesetC' is defined
to beall of thec,, completingthe proof.

The presencef suchpermutationsubmatricesilsosufficesto prove membershign X, » (as
shavn in the CGT literature):

Corollary 2 Let H bea codematrix sudh that, for anysetS of upto x + 1 rowsof H, there exists
asetC of | S| columnsof H sud thatthe submatrixformedby theintersectionof S andC'in H is
a permutationmatrix. ThenHd € &, ».

Proof: Let S beanon-emptysetof upto x + 1 rows, andlet C' bea setof columnssuchthatthe
submatrixlying in both S andC' is a permutationmatrix. Pickany » € S. Clearly, the vectorof
weight1 with asinglel in the positioncorrespondingo r is notacodavord of Hg, . However,
thechoicesof S andr werearbitrary thusneitherH norary reducednatrixof H (by upto x rows)
hasary codevord of weightl,andH € X, .

Finally, we canplacealower boundonrow weight(humberof 1sin arow) for smallcodes:

Theorem3 GivenH €&, ; sud that H is a smallestnon-trivial codein X, 4, the weightof any
rowof H is atleastr + 1.

Proof: Assumethecontrary andlet row r of H have weightq < z. If » hasa 1l in somecolumnc
of weight1, row r andcolumnc canberemovedfrom H to form asmallermon-trivial codein X, 4,
which contradictdheassumptiorthat H is asmallesinon-trivial code.Thusno columnin whichr
hasa 1 hasweightl. FormasetS of rows by startingwith row r andchoosingfor eachcolumne
in whichr hasa 1, anotherow ¢. thathasalin c. SetS hascardinalityof atmostg + 1 < = + 1,
but violatesCorollary 1, asno columnexistsin which row r alonehassupport.ThusH ¢ X, 4, a
contradictionthatcompleteghe proof.

Theimplication of this theoremis that, whentrying to constructcodesfrom a givenclass,we
shouldconsiderconsideronly rows with weightgreatetthanz. Codeson fewerinputsandoutputs
canbe extendedrivially by includingtheidentity matrix, androws of weightgreaterthanonebut
notgreaterthanz sene no usefulpurpose.



4 Relationshipto SuperimposedCodes

This sectiondescribesuperimposedodesandillustratestheir relationshipto X-codes,thendis-
cussesa handful of boundsand constructionsho doubtalreadyfound in the literatureon super
imposedcodes. Superimposeaodeswere introducedby Kautz and Singleton[7] in 1964 for
the problemof combinatorialgrouptesting(CGT), andhave beenan active areaof studyin both
the information theory and mathematiccommunitiessincethat time. A paperby D’yachkov,
Macula,Jr. andRykov [3] senesasa goodstartingpoint for exploring therich literaturein this
area.

Combinatorialgrouptestingarosefrom the needto screersoldiersfor syphilis. The testpro-
cessallowed blood samplegpooledfrom a numberof soldiersto be testedsimultaneouslywith a
positive testresultobtainedvheneer oneor moreof thesamplesopooledindicatedthe presence
of syphilis. As the fraction of infectedindividualswas expectedto be small, andtestswere ex-
pensve, codesweredevelopedto identify infectedindividualswithin agroupwithouttestingeach
memberseparatelyi.e., by only testingsubgroups.

More formally, given a group of »n individualsanda target maximumnumberz of infected
individuals,theoriginal CGT problemrequiresa setof testssuchthattheresultsof thetestseither
uniquelyidentify up to = infectedindividualsor indicatethatmorethanz individualsareinfected.
If thetestsmustbedesignedn adwvance(to allow themto proceedsimultaneouslyfor example) the
problemis termeddeterministiagrouptesting,andthe setof m predefinedestscanberepresented
asann x m matrix in which rows correspondo individuals and columnsto grouptests. The
superimposedodes[7] were designedfor this problem. As an exampleof later directionsof
interest,subsequengeneralization®n this problemaddresgalsepositvesandfalseneggativesin
thetestresults.

We arenow readyto presentformulationof superimposedodesandto demonstrat¢hatthey
areequialentto theclassesY, . Givenacodematrix H, asetS of rows of H obscuesarow r
of thereducedmatrix Hg if » containsonly 0s. Using this definition, we canwrite the definition
of &, , asfollows: amatrix H isin &, , iff for ary setS of upto = rows of H andary otherrow r
of H,r ¢ S, S doesnotobscurer. In CGT terms,a matrix is saidto be z-disjunctif no setof up
to x rows obscuresry otherrow. Suchmatricesarealsocalledsuperimposedodes

Theorem4 Let H beann x m matrix. For anyz < n, thefollowing are equivalent:
(a) the matrix H definesa setof m group teststhat solvethe original CGT problemfor
n individualswith no more thanz infected,and
(b) H € X, 5.

Proof: ((a) implies (b)) Assumethat H solvesthe CGT problemfor somevalue of x, but that
H ¢ X, . ThenthereexistssomesetS of upto = rows of H andanotherow r of H, r ¢ S, such
that S obscures. Assumethatall individualscorrespondindo rows in S areinfected. SinceS
obscuresr, no group test canthen determinewhetheror not r is also infected. However, the
setS U {r} is eithera distinctsetof cardinalitynot morethanz or afailurecase(when|S| = z),
thusthe inability to distinguishS from S U {r} impliesthat H doesnot solve the specifiedCGT
problem,a contradiction.



((b) implies(a)) Assumethat H € X, », but that  doesnot solve the specifiedCGT problem.
Thenfor someset.S of up to x individuals, thereexists a secondsetl” # S (1" canbe of ary
size) suchthatinfection in exactly the membersof S cannotbe distinguishedrom infectionin
exactly the membersof 7' by the grouptests. Assumewithout lossof generalitythatT ¢ S (if
T C S, swapthetwo), andpick anindividualr € T\ S. As thetestresultsareindistinguishable
for S and7’, notestcanincluder withoutalsoincludingsomememberof S. Thusthe setof rows
correspondingo individualsin S obscuresherow correspondingo r, but |S| < z,SOH & X, o,
acontradictionthatcompleteghe proof.

The literature on superimposedcodes senes as a good source of information for the
classesY, ». In the remainderof this section,we demonstratea few aspectsof theseclasses
of X-codesthat are presumablyalreadyknown to readersfamiliar with that literature, but may
nonethelesbeinterestingo readersvho arenot.

4.1 A Fewd, , Constructions

The first constructionemploys Sperners Theorem[8, 15] to boundoptimal compactionratios
in X; 5. Ratherthansimply referencehis theoremhowever, we provide a proof soasto allow us
to morereadilygeneralizeéhe approactto boundcompactiorratiosfor other X, » classes.

Let S = {s1,...,sn} beaset. A chain C of S is an orderedset{71,..., T} of subsets
of S suchthat7; C 7, C ... C T;. ChainC' is maximalif |C| = m + 1. A bijection canbe
constructedrom the permutationf S to the maximalchainsof S by associatinga permutation
P = (pi1,...,pn) with themaximalchaingivenby {0, {s,, }, {sp,, Sp. } - - -}. An antichain A of
thesetS is aset{U,..., U} of subsetf S suchthatno memberof A is a subsetof another

member We arenow readyto prove Sperners Theorem.

Theorem5 (Spemer’s Theorem)

. . m
For anyantichain A of a setS of m elements|A| < ( 1m/2] >

Proof: By thedefinitionof anantichainno maximalchainof S cancontainmorethanoneelement
of A. Let U be a memberof A, andlet ¢ = |U|. The numberof maximalchainsin which U

appearsanbe calculatedoy countingthe permutationsn which the elementsf U appeaiin the

first ¢ positions.In particular thereareq! orderingsfor the elementof U, and(m — ¢)! orderings
of theelementsiotin U, for atotal of ¢!(m —¢)! maximalchains.Let p; bethenumberof elements
(subsetof S) of cardinality: in A. The numberof maximalchainsin which arny elementof A

appearsnustbelessthanthetotal numberof maximalchainsof S:

m

dopiit(m—9)! < ml
i=0

Di
m

(")

9

<1 (1)

m
=0



But for all values) < i < m, ( 7? ) < ( m ) Thus
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which completeghe proof.

Theboundplacedby Sperners Theoremis tight, sinceall subsetof |m /2| elementdform an
antichainwith cardinality equalto the bound. Equation(1) is known asthe Lubell-Yamamoto-
Meshalkininequality andis a generalizatiorof Sperners Theorem.

An antichain geneator G of order x for thesetS is aset{V1,..., V;} of subsetof S with
propertiesdefinedinductively on z. In particular an antichaingeneratorf orderO is simply a
setof non-emptysubsetf S. An antichaingeneratoiG of orderz is an antichaingeneratorof
orderz — 1 suchthattheunionof ary x distinctmember®f G is uniqueandsuchthattheunionsof
all combination®f z distinctmemberf GG togetherform anantichainF’ of setS. TheantichainF’
is saidto be genemtedby G for order z, andary antichaingeneratoof orderz > (0 generates:
distinctantichains.Obsenre thatanantichaingeneratoof orderl is simply anantichain,andthat
the singleantichainit generatess itself. Antichaingenerator®f orderx correspondo matrices
in X -, asshovn by thefollowing lemma.

Lemmal Let H beann x m matrix. Each row r of H definesa subsetl” of columnsof H in
which themembes of V' are exactlythosecolumnsn which » containsa 1. Let G bethe(multi-)set
of subsetsiefinedby all rowsof H. ThenH € X, , iff G is anantichain genesator of order x.

Proof: (sufficiency) Assumethat G is anantichaingeneratoof orderz for the columnsof . No
row of H cancontainonly 0s,as( is alsoanantichaingeneratoof orderQ. Let .S beanon-empty
setof upto x rows of 7, andlet A betheantichaingeneratedy G for order|S|. Let Vi,... Vg
bethe elementsof (¢ correspondingo therows of S, andletU = V; U ... U V|5 betheir union.
ThenU € A. Pickarow r ¢ S, andlet R € GG represent in GG. If R C U, we candefineasecond
memberof A asU’ = RUV, U ... U Vg, whichincludesR in placeof V;. Clearly U’" C U,
implying that A is notanantichain(or that G is notanantichaingeneratoof order|S|, if thetwo
areequal),a contradictionproving that R ¢ U. But R ¢ U impliesthat.S doesnot obscurer.
Sincethechoiceof S andr werearbitrary(with S = () handledearlier), H € X, ».
(necessityAssumethat H € X, . No row in H cancontainonly 0s,thusG is anantichain
generatoiof order0. To prove thatG is anantichaingeneratoof orderz, it mustbe shavn that
forany 1 < k < z, GG is anantichaingeneratoof orderk. Let S and7T' betwo distinctsubset®of
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k rows of H (they may overlap,but cannotbe equal). Let V7, ...V} bethe elementof G corre-
spondingto therowsin S, andlet W7y, ... W, betheelementf G correspondindo the rows in
T. DefineUs = Vi U...UV,andUy = Wi U...UW,. If Us ¢ Ur andUy ¢ Us, the proof
is complete.Pickarow r € S\ T, andlet V; € G correspondo r. If Us C Uy, we alsohave
Vi C Uy, andT obscuresow r. But |T'| = k < z, contradictingthe factthat H € X, ,. Thus
Us ¢ Ur. Similarly (or by the arbitrarychoiceof S and7’), we alsohave Uy ¢ Ug, completing
the proof.

Applying the sametechniqueusedto prove Sperners Theoremallows us to boundthe cardi-
nality of antichaingenerators:

Lemma2 (extensionof Spemer’s Theorem) For any antichain geneator G of order x > 0 for

G m
asetSofmeIements< - < im/2] )’

Proof: Theantichaingeneratedby Gz for orderz hascardinality< |§| ) Applicationof Sperners

Theoremthuscompleteghe proof.

We cannow placeanupperboundon the numberof rowsin ary matrix H € &, »:

Theorem 6 For anyn x m matrix H € & o, ( Z ) < ( Lmn}QJ )

Proof: Theconstructiomof Lemmal givesthe antichaingeneratoiz of orderz correspondingo
H, and|G| = n. Applicationof Lemma2 thenprovesthetheorem.

As theboundplacedby Sperners Theoremis tight, we cangive morespecificooundsfor &’ 5.
Corollary 3 Let H € &}, beann x m matrix with n > 1. Thematrix A is maximaliff
n= < mn ) andisoptimaliff( m-=1 ) <n

m/2] )’ L(m —1)/2] '

Proof: To prove thefirst partof the corollary, let A bethe antichainon m elementsonsistingof
all subsetof cardinality |m/2|. Then A is anantichainof order1, andby Lemmal corresponds

toamatrix X € X; 5. Thematrix X has rows andm columnsthusH is maximaliff it

m
T 2 |
hasthe samenumberof rows. Proving the secondoartof thecorollaryrequiresonly theanalogous
antichain-basedonstructioronm — 1 columns.
We now provide a constructve lower boundfor X’ 5.

Theorem 7 For anyoptimalcodein X, 5, m < [log, n] ([logy n] + 1).

11



Proof: Theproofis constructve,andproducesamatrix X € &, » for ary givennumberof rowsn.
To simplify thediscussionlet ¢ = [log, n|. Thematrix X hasn rowsandg(q + 1) columns.In
the submatrixformedby thefirst ¢ columns,assignuniquebinary combinationgo eachrow. Any
combination,including all 0s, canbe used. A secondsubmatrixof ¢(¢ — 1)/2 columnsis then
formedby summing(XOR’ing) eachpair of columnsfrom thefirst submatrix.Thefinal submatrix
of ¢(q + 1)/2 columnsis thenformed by complementinghe columnsof both of the first two
submatricesThetotal numberof columnsis theng(q + 1).

It remainsto be shovn that X € &,,. By Corollary 2, it sufficesto shav thatfor ary setS
of threerows of X, thereexistsa setC' of threecolumnssuchthatthe submatrixformedby the
intersectiorof S andC' is a permutatiommatrix.

Considerthe submatrixof X inducedby ary threerows. It sufficesto shaw thatfor any row r
of the three,a column exists in the submatrixwith a 1 in » andOs in the othertwo rows. As
the threerows aredistinct, thereexist columnsthatdistinguishr from eachof the otherrows. In
particular the first submatrixof X is filled with distinctbinary patternsfor eachrow, thuswe can
alwaysfind a columnwith oneof the following two formsto differentiater from the secondrow
(with r asthefirstrow): C; = [1 0 a]T orCy=1[01 b]T. If a = 0 for ary columnof theform 1,
orif b = 1 for any columnof the form C5 (usethe columncontainingthe bitwise complement),
we have foundthenecessargolumnandaredone.If not,we have either[1 0 I}T or[01 O]T in the
first submatrix.

Similarly, we canalwaysfind a columnwith oneof the following two formsto differentiater
from thethird row: C5 = [1 ¢ O}T orCy,=1[0d 1}T. If ¢ = 0 for ary columnof theform Cs, or if
d = 1 for ary columnof theform C; (againusethe columncontainingthe bitwise complement),
we have foundthenecessargolumnandaredone.|f not,we have either|[1 1 O}T or[00 1]T in the
first submatrix.

Four combinationgremain. If [1 0 1]T and|l 1 O}T appeatrin the first submatrixof X, the

bitwisecomplemenbof theirsum([1 0 O}T) appearsn thethird submatrix.The othercombinations
aresimilar, andin eachcaseshawv thatthe desiredcolumnmustexist, completingthe proof.

Corollary 2 canbe alsousedto constructan optimal X-code H X, » usingan NP-complete
algorithmthatis practicallyviable for small codes.For a givennumberof rows n, the algorithm
first constructsr + 1 columnsfor eachcombinationof = + 1 rows. The submatrixformed by
eachsetof columnswith the associatedetof rows is an identity matrix, while all othervalues
in the columnsare marked as“don’t care’, which we shall denoteby D. The valueD is saidto
be compatiblewith any othervalue,wheread) is only compatiblewith 0 andD (but not 1), and
1is only compatiblewith 1 andD (but not 0). Two columnsarecompatibleif the valuesin each
of their rows are compatible. The algorithm forms a minimal setof compatibility classeqsets
of columns)suchthatarny two columnsin a given classare compatiblewith oneanother Next,
for eachcompatibility class,the algorithm selectsa representatie column of 0s and 1s that is
compatiblewith all columnsin theclass.If thecolumnsin aclassall containD in somerow, either
valuemay be choserfor thatrow in therepresentatie columnfor the class,but picking 0 in such
casegyivesa probabilisticadvantagefor handlingmoreunknownns. Theserepresentatie columns
togetherform anoptimalmatrixin X, » for n rows.

12



Unfortunately while smallcodesmay befeasiblewith the algorithmjust presentedt may not
scalewell for two reasonskFirst, the numberof distinctcombinationf x + 1 rows maybelarge,
forbidding constructionof the original matrix. A logical constructionshouldsuffice, however.
Secondcomputationof a minimal setof compatibility classess equivalentto a minimal clique
cover, andis thusanNP-Completgroblemunlesghestructureof theoriginalmatrix cansomehav
be exploited.

4.2 Relationto Steiner Systems

Certaintypesof combinatorialdesignscalled Steinersystemq16, 17] sene asoptimal codesfor

X, 2, andseemto be muchmoreeffective thanthe constructiorof Theorem?. Borrowing corven-
tions from [17], a combinatorialdesignt-(v, k, \) consistsof a setS of k-subsetof v elements
(i.e., subset®f cardinalityk), suchthatevery t-subsebf thewv elementsappearsn exactly A mem-
bersof S. When\ = 1, thedesignis calleda Steinersystem after the authorof [16], who was
oneof thefirst to studythe problem.As anexample,considerttheincidencematrix of the 2-(9,3,1)
Steinersystem,as shovn below (the transposeof the incidencematrix definedin [17]). In this

matrix, eachrow representa 3-subse(k = 3) of the9 outputs(v = 9), andeachpair of outputs
(t = 2) appearsn exactlyonerow (A = 1). Thematrixis in A5, andX’ 4.

11100000 0
000111000
000000T1 11
100100010
010010001
001001100
100010100
0010001010
001100001
00101007100
001010010
10000100 1]

Theuseof Steinersystemincidencematricesfor X-codesgeneralize$o somedegree.We can
reducethe problemof finding acode H € &, (with x > 1) to the problemof constructinga
Steinersystemasfollows. Assumethatthe rows of the matrix musthave equalweight z of the
form z = xy + 1 for somey > 1, andthatwe cansomeha identify the appropriatevalueof z.
Let S beasetof upto = rows of H, andlet r bearow in Hg. If any two rowsin the codehave
1sin at mosty columnsin common,theweightof r in Hg is atleastzy + 1 — |S|y > 1, since
reductionby eachrow in S removesatmosty columnsin whichrow r containsa 1. Thusno vector
of weight1 is a codevord for Hg, andH € X, ». We canaccomplishthis goal by assertinghat
every subsebf y + 1 columnsappeargogetherin at mostonerow, which constrainghe number
of rows. For a fixed numberof outputsm, we wish to maximizethe numberof rows n, which
represeninputs. Theanswerto this new problem,andthusa codein &, » with amaximalnumber
of rows for m columnsandrow weight z, is a Steinersystem:a combinatorialdesignin which
every (y + 1)-subsetppearsn exactly one(zy + 1)-subsetpr (y + 1)-(m, (xy + 1), 1).

13



Steinersystemslo notexist for arbitraryvaluesof /., andin factarequitesparsdor evensmall
valuesof y andz. FurthermoreSteinersystemgnaynotbeoptimal,assolutionswith variablerow
weightsmay be superior They do, however, provide someinsight on the potentialfor X-codes,
andin somecasesareprovably bothoptimalandmaximal. Considerthefollowing theorem.

Theorem 8 TheSteinersysten?-(9,3,1)is thesmallestnon-trivial codein X ,, andis maximal.

Proof: We omit the proof, which s fairly straightforvardusingconstraint§rom earliertheorems.

We canconjecturealower boundontheasymptotidbehaior of thecompactiorratio for maxi-
mal codesn X, by assuminghatthestructureof Steinersystemsanbeapproximatedto within
anon-eponentialfactor)whenthey do not exist for somevaluesof ¢, v, andk. For agivenvalue
of m, wewouldlik e to constructa Steinersystemof theform (y + 1) — (m, 2y + 1, 1) for whatever
valueof y maximizeshe numberof rows n. If the Steinersystemexists, n is givenby

Y

1+m—y
2
Hz+y+1 @

=0

For any givenvalueof m, n risesmonotonicallyin y to its maximumvalue,thenfalls mono-
tonically. We maximizen by finding the minimumvalueof y suchthat:

Yitm—y Witm—y—1
o 2 /5

o tty+1l Ty it y+2
2 2 2
(2y +3)(2y + 2) > m_y_1
y+1
y+7 > m
S m—7
¥y = 73

Thusy = [(m — 7)/5]. For largevaluesof m, we approximateasy = m/5 andrewrite (2) as

™G4 dm/5
"o 130 i+ m/5
B ml(m/5)!
" (4m/5)1(2m/5)]
(1/5)™/7
n = V10 (4/5)4m/5(2/5)2m/5
5 m
= VI (5)

in which thethird stepusesStirling’s approximatiorfor thefactorials.Thenormalizationconstant
in front is inaccuratedueto the approximatiornof y, andfurthermoredoesnot reflectthe factthat
few of the desiredSteinersystemsactuallyexist. Steinersystemsaresparsdor evensmallvalues
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Figurel: Boundsandconstructiongor X, . The upperline shavs anoptimistic boundbasedon
Steinersystemsthe middle shavs the bestcodesgeneratedy a simple stochasti@approachthe
lower shavs the constructiorof Theorem?. Thestochastigeneratiorusedat most7 bits perrow,
which becomedesseffective than9 bits perrow in the Steinerboundat 23 outputbits.

of y. As anexample,m € [28, 32| givesy = 5, but the smallestvalue of m for which a Steiner
systemof the form 6-(m, 11, 1) canexist (other than the trivial caseof m = 11) is 221, and
the next valueis 389. Thusthe maximal X-code matrixescanonly approximatetheir structure.
Figure1l compareghis boundwith the constructionof Theorem7 andrandomcodeswith small
fixed row weights. Tighter upperboundscanalsobe constructeddy including the effects of the
floor functionsthat mustbe appliedafter eachmultiplication in Equation2 (the factorsareall

integral for Steinersystems)andlinearprogrammingusinginequalitiesfor codesof equalweight
alongwith the Johnsorboundcantightentheboundfurther, but arebeyondthescopeof thispaper

Systematicconstructionsdo exist for certain Steiner systems,such as those of the form

2-((z +1)% (x +1),1) wheneerz + 1 is aprime power. In particular matrix columnsin sucha
systemcorrespondo pointsin a two-dimensionalectorspaceover GF(z + 1), androws corre-
spondto all one-dimensionadubspaceandtheir cosetaunderaddition[17].

Conjecture 1 If for somer > 1 the Steinersysten®-((z + 1)?, (z + 1), 1) exists, it is a smallest
non-trivial codein X, 5, andis maximal.

5 The X, ,;Codes

In this sectionwe consideta setof generakindspecificconstructiongor codesn the &} , classes.
Onemethodfor constructingX-codesis to startwith a corventionalcheckmatrix andto invertthe
reductionprocesdy extendingthe original matrix. Standarccodes(in A} 4), for example,canbe
usedto constructtodesin &; ;_; or A 4 by doublingthe numberof columns.
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Theorem9 Givenann x m matrix H € &} 4, constructann x 2m matrix X by replacingead 0
in H with the1 x 2 matrix [0 1] andead 1 in H with the matrix [1 0]. ThenX € &} ;_;, and
X € Xl,d if d is odd.

Proof: Assumethat X ¢ &) 4, andletr bearow of X andS bea setof fewerthand rows of the
reducedmatrix Xy,, suchthat), s s = 0. We now uses specificallyto denotetherow s in X,,,
anddenoteby F'(s) (or F/(r)) therow s (orr) in H (notX). Then,basedntheconstructiorof X,
s = F(s)+ F(r).

If |S]iseven,> s F(s) = Y,css = 0, asthe F(r) termscancel. Since|S| < d, however,
this resultcontradict¢he assumptiorthat /' € X 4. If [S]is 0dd, X scsuqy F/(5) = Xses s = 0.
If |S| < d — 1, thisfactleadsto the samecontradictionasthe even case completingthefirst part
of the proof. To completethe secondpartof the proof, obsenethat|S| < d implies|S| < d — 1
when|S| andd arebothodd.

While this constructionprovideslower boundson the compactiornratiosof codesin & 4, the
codesproducedn this fashionaretypically neitheroptimalnor maximal. Consideyfor example,
the X 3 matricesgeneratedrom Hammingcodes suchastheoneshavn below:

111 101010
110 10100 1
101 100110

H=|100| — X=[100101
011 011010
01 0 011001
L0 0 1] (0010110

Oneimprovementto the codeon the right is the addition of the row [010101], which corre-
spondsto the [000] row not presentn the Hammingcodeon the left. Evenwith this extension,
however, the codeis not maximalfor six columns,aswe shav with a secondconstructiorspecific
to A 3.

Theorem 10 Givenmatrices H,, H, € X3, constructa third matrix X by concatenatingall
combinationf rowsfrom H; and H,; rowsof X thuscorrespondo thetuples(r, ) withr; a
rowin H; andry arowin H,. ThenX € X 5.

Proof: AssumethatX ¢ X, 3, andletr = (71, 72) bearow of X andT” beasetof rowsof X such
thatr ¢ 7', |T'| < 2, andtherowsin T in thereducedmatrix X, sumto 0. As H; € &} 3, norow

of thereducedmatrix (H,),, equalszero,nor do ary two rows sumto zero. The sameconstraints
hold for (Ha).,, sinceH, € &) ;. For thecasein which || = 1, letT" = {(¢,,t2)}. Thereduced
form of row (¢,,t2) mustthenbe exactly O, implying thatt; = r; andt, = r,, andcontradicting
thefactthat (r, o) is uniquein X. When|T'| = 2, let |T'| = {(¢1,t2), (u1, u2) }. Thefactthatthe

reducedforms of the two rows sumto zerothenimpliesthatt, = u; and¢, = u», contradicting
thefactthat(¢,, t2) is uniquein X andcompletingthe proof.
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Figure2: Graphsusedto constructsmallcodesn X} ;.

The constructionof Theorem10 canbe appliedrepeatediyto generatenatricesin &} 3 from
arbitrarily long tuplesof smallermatricesin & ;. Identity matrices/; and; work well for this
purposeandgive optimalresultsfor smallnumbersof outputs(we have provento atleastseven).
Tuplesof I; with zero,one,or two elementdrom I, arecurrentlythe bestknown codesin &’ ;,
i.e., they provide thelargestnumberof inputsfor a givennumberof outputs.

The matrix constructedrom the Hammingcodeusing Theorem9, after beingextendedwith
the row [010101], is equialentto a 3-tupleof I,. A 2-tupleof I3, however, allows nine inputs
ratherthaneight,asshovn below:

OO OO OO = ==
OO0 R MHFEFOOO
= =0 O OO oo
OO OO OO
O OO, OO FO
_— OO, OO~ OO

Tuplesof I5 provide thefollowing bound:
Corollary 4 For anyoptimaln x m matrix H € X} 3, m < 3[logsn].

Proof: Letg = [logyn|. Constructamatrix X € X, 3 asag-tupleof I3 throughrepeateapplica-
tion of Theorem10. Thematrix X has3q columnsand3? > n rows, proving the corollary.

Smallnon-trivial codedn ary &) ; canbeconstructeeasilyby thinking of thecodesasgraphs.
Recallfrom TheorenB thattherows of asmalleshon-trivial matrixin X, ; musthave weightof at
leastr + 1, thuswe considerows with weighttwo for the X; ; classesHowever, amatrixin which
every row hasweighttwo is equivalentto agraphG(V, £') in which eachcolumnis representedy
anodeandeachrow is representetly anedgebetweerntwo nodes.Thefollowing thenholds:

Theorem11 Givena graphG(V, £), constructan | E| x |V| matrix X fromG asfollows. Each
nodev € V correspondso onecolumnof X, andeat edgein (u,v) € £ correspondso a row of
X with 1s only in the columnscorrespondingo v andv. ThenX € X, ; iff G containsno cycles
of lengthlessthand + 1.

Proof: (sufiiciency) Assumethat G hasno cyclesof lengthlessthand + 1, andpick 7" C E such
that2 < |T'| < d. LetthegraphG’(V,T) bethe graphG with all edgesnotin 7" removed. Let

17



P bethesetof verticesof degreel in GG'. Notethatif therowsin X correspondindo the edges
in 7" aresummedall columnscorrespondindo pointsin P sumto 1. SinceG hasno cyclesof
lengthlessthand + 1, G’ is agyclic, and |P| > 2. Similarly, since|T| > 2, P # {u,v} for
ary (u,v) € T. If (u,v) € T correspondso an unknavableinput, the reducedmatrix includes
all pointsin P \ {u,v}, which cannotbe empty The sum of the rows correspondingo edges
in T\ {(u,v)} isthusnon-zeroandasthe choiceof 7" wasarbitrary X € X, ,.

(necessityAssumethat X € & ; butthatacycle of lengthlessthand+ 1 alsoexistsin G. Pick
oneedgein thecycle, andlet  be the correspondingow in X. As every vertex in the cycle has
exactly two edgesncidentonit, therows correspondingo the remainingedgesof the cycle sum
to zeroin thereducedmatrix Xy,,. However, therearefewer thand suchrows, which contradicts
theassumptionthat X € X ; andcompletegheproof.

The precedingheoremcanbe usedto constructthe smallestnon-trivial codesfor d € {3,4}
(andpossiblyfor highervaluesof d aswell) asfollows. Constructa ring of 2d — 2 nodes,then
adda bridgebetweerdiametricallyopposechodeson thering usingan extra nodeasa bridge,as
shown in Figure2 for d € {3,4,5}. Applicationof Theoreml1 to the resultinggraphproduces
small,non-trivial codesin &} ;. We make thefollowing conjecture:

Conjecture 2 Let G(V,E) be a graph with vertices V. = {uvy,...,v4 1} and edges
E = {(Ulv Ug), (Ug, Ug), ey (Ugd_g, ’Ul)} U {(Ul, Ugd_l), (Ugd_l, Ud)}. The2d x (2d — 1) matrix
correspondingo graphG is thesmallestnon-trivial codein X7 4.

We have proventhis conjectureor smallvaluesof d throughbruteforce (enumeratie) reason-
ing, but suchmethodsdo not scalewell. Theminortheorembelon senesasanexample;notethat
thematrixis alsoatuple of I; and s, with thefirst andthird columnsforming the rows of I, (see
Theoreml0).

Theorem 12 The6 x 5 matrix belowrepresentghe smallestnon-trivial codein &} 3, andis max-
imal andunique:

O = O O =
OO OO ==
_ O O = O
SO, kOO
= -0 O O O

Proof: Let H bethe matrix of the smalleston-trivial codein &; ;. From Theorem3, we know

that eachrow in H hasweight of two or more. Pick arow r of H. All rows in the reduced
matrix H,, mustbe non-zeroanduniquefor the codedefinedby Hy,; to have weight3. Thus,
with m outputs we have at most2™~2 rowsin H, whichimpliesthatno non-trivial codeexistsfor

m < 4. Similarly, for m = 5, all rows musthave weightsof exactly two, asthe existenceof a
row with higherweightlimits the numberof rows to four or fewer. With weightlimited to oneor

two in Hy,,, only sevenrows arepossiblein 4. A codewith all sevenpossiblerows, however, is

notin &} 3, andonerow mustbe eliminated giving the matrix shovn above. (All choicesresultin

matricessomorphicunderpermutation®f rows andcolumns.)
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6 Bounds

This sectiondiscusseasymptotidboundson compactiorratios. Althoughwe applythetechniques
hereonly to the X, 5 classesisexamples severalof theapproachearereadilygeneralizedo X, ;.
We assumehat the matricesof interestareboth optimalandmaximal,andthatthe rows of such
matricesin X, ; (with x > 1) have equalweight. While this assumptions clearly not valid
for codesin &} 4, the processof forming reducedmatricesseemso encouragenore symmetric
patternssuchasthosenecessaryo meetthe boundof Sperners Theorem.

The fractional row weight f of ann x m matrix is the row weight divided by m, i.e., the
total numberof 1sin the matrix divided by nm. Thefunction A, 4(m, f) specifieghe maximum
numberof rows in amatrix H € X, ; with m columnsandfractionalrow weight f. We assume
thatall of the A, ; converge asymptotically(in m) to the form O(polynomialof m) [a, q(f)]™,
andomit the polynomialscalingfactor

We calculatean upperboundbasedon the recursve relationshipdefinedby matrix reduction
betweenclassef X-codes. Givenann x m matrix H € X, 4, let r arow of H. The weight
of ris fm. Thefractionalrow weight f* of thereducedmatrix Hy,, € X,_; 4 limits themaximum
numberof rowsin H:

Am,d(f; m) S A:r—l,d((l - f)m7 f/)

In orderto make theboundastight aspossibletherow r shouldbechoserto minimize A,_, 4( f').
As long asthe function A,_; ; doesnot have a local minimum at f, the bestvalue that canbe
guaranteeds [/ = f, asall rows mayobey this equality The boundthenbecomes

Aga(fym) < Agra((L = fm, f)
[a0a(F)]" < [ag—ra(f) 0
<

az,a(f) [ap_1.q4(f)]D

Notethatif alocal minimumoccursat f, thebounddoesnotapply, asarow with f' = f maynot
exist.

Thefunctiona, s(f) is readily calculated.While it is not usefulfor limiting codesin A}, it
does(with givenassumptionspoundthe structureof the reducedmatricesof codesin &, ;. The
maximumnumberof rows of weight fm with m columnsis simply

< m ) B m/!
fm (fm)t (1 = f)m)!
= [ a=-peope
by application of Stirling’s approximation, and leaving out the polynomial factors. Thus

aos(f) = 1/[f7 (1 — £)@=H], whichis—perhapsiotsurprisingly—tvo raisedto theentropy of f.
Calculationof theseboundsfor several X, ; classesippearsn Figure3.
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1.8

A X1,3 construction
1.7 (Corollary 4)
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Figure3: Upperboundsfor afew X, ;. Theconstructioris thatof Corollary4.
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