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1 Intr oduction

This paperstudiesthepropertiesof a new classof codesintroducedrecently(andcurrentlybeing
used)in thecontext of digital systemtestcompaction[12]. Thesecodes,namedX-codesafterthe
“X” symbolusedto denoteunknown logic valuesin digital systems,addressthe problemof de-
tectingerrorsin thepresenceof unknowns.Specifically, anX-codeproducesahash(or signature)
over a setof input bits in a way that guaranteesthat errorsin the inputs leadto changesin the
hashdespitethepresenceof unknown inputs.In contrastwith erasure-basedapproaches,X-codes
assumethatoperations(e.g., solutionof linearequations)to calculatethevaluesof unknown in-
putsareimpracticalor impossible.In effect, theinputvaluesareunknowable.Thesepropertiesdo
notallow characterizationin termsof Hammingdistancealone,and,to thebestof ourknowledge,
X-codeshavenotbeenstudiedprior to theirrecentintroduction.TheX-codemayalsobeusefulfor
otherapplications,suchascommunications,but our primary focusis currentlyon digital system
designs.

For the purposesof this paper, we restrictour discussionto binary linear X-codes,although
X-codescouldbegeneralizedin the future. Thepaperis structuredasfollows. Thenext section
describesthe digital systemtestingproblemand the practical issuesthat give rise to X-codes.
In later sections,we develop a mathematicalformulation for the codes,study the relationships
betweendifferentclassesof X-codes,discussa few structuralelementsof X-codematrices,and
comparethemwith thesuperimposedcodesdevelopedfor combinatorialgrouptesting(CGT).We
next describeseveralconstructions,thenconcludewith a few asymptoticbounds.

2 Digital SystemTestCompaction

For digital systems,the voltageon a signal line is generallyinterpretedto be logic value0 or 1
(except for signal lines with high impedancestates). However, for many systems,somesignal
valuescannotbeuniquelydeterminedto bein logic-0or logic-1statedirectly from thesimulation
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�
0 1 X

0 0 1 X
1 1 0 X
X X X X

� 0 1 X
0 0 0 0
1 0 1 X
X 0 X X

Table1: Addition andmultiplicationfor 3-valuedlogic. Restrictingoperationsto 0 and1 produces
GF(2),but neitheradditionnormultiplicationformsagroupoverall threeelementssinceX hasno
inversein either.

modelof thesystem.After power-up, for example,thecontentsof thestorageelements,including
memoriesandbistableelementssuchaslatchesor flip-flops,areunknown, andmaycontaineither
0 or 1, dependingon a rangeof factors.Theseunknown statesaremodeledas“X” states.Other
examplesof sourcesof X statesin a digital systemincludefloating bus lines andmultiple clock
domains.

Supposethat we want to testa newly fabricatedintegratedcircuit that implementsa certain
digital system.Theusualmethodis to applyinputstimuli (of 0sand1s)andto observethecircuit’s
responseusingtestequipment.Theresponseto a giventestinput is comparedto anexpected,or
“golden,” responseobtainedby performinga3-valued(0, 1 andX) logic simulationof thesystem,
often leadingto the presenceof X’s in the goldenresponse.A large body of literaturestudies
simulationmodelsof digital systemswith X states,startingfrom Eichelberger’s work on 3-valued
logic simulation[4]. For example,if an exclusive-OR(XOR) gatehasany unknown inputs, its
outputis alsounknown. Table1 shows theaddition(XOR) andmultiplication(AND) operations
for a3-valuedlogic system(0, 1 andX). While thetwo operations,whenrestrictedto thevalues0
and1, aresimply GF(2),neitheroperationis a groupover all threeelements,asX hasneitheran
additivenor amultiplicativeinverse.Similarly, distributivepropertiesdonothold. For example,
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Outputbits thatarenot X’s in thegoldenresponsearecomparedwith thecorrespondingbits
from theactualcircuit andachip is declaredto bedefective (e.g., dueto thepresenceof manufac-
turing defects)whenthereis a mismatch.Generally, a digital systemcontainstensof millions of
transistors,hundredsof thousandsof flip-flops representingbits of state,anda few hundredinput
andoutputpins.Hence,it is importantto compacttheresponsesof thecircuitsbeingtestedbefore
they aretransmittedover thepinsfor observationby theexternalworld (i.e., thetester).

Due to the importanceof the testproblem,substantialeffort hasbeenmadeto designmeth-
odsfor compacting(encoding)testresponses,beginningwith Benowitz et al. [1]. Early work in
theareaappliedcompactionusinglinear feedbackshift registers[5] andmultiple-inputsignature
registers[9] to compacta sequenceof test responses.SalujaandKarpovsky [14] appliedstan-
dardcodesto provide compactionfor a singletestresponse.As thedelivery of thehashfrom the
compactorto thetestingequipmentis effectively noiseless,any conventional 	�������
 code(suchas
Hamming,BCH,or Golay)canbeusedto compacts� bitsof responseinput into � � ����� bitsof
hashoutput,andthecoderetainsits conventionalHammingdistancefor errorcontrolin thetestre-
sponses[14]. In digital systemtesting,theprimarymethodis to detectfaultycircuitsthrougherror
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detection,but errorcorrectioncanbeusedto diagnoseandanalyzefailuresin orderto improvethe
manufacturingprocess.Althoughnotcommonin currentpractice,fault locationanddiagnosiscan
alsobeusedto producea working circuit with reducedfunctionality, ashasbeendonein thepast
at coarsegranularities.As diagnosisis not typically performedfor all chips,Hammingdistances
of 2 or 3 usuallysuffice in practicefor digital systemtesting.

Unknown logic valuesin testresponsestypically havebeenhandledby conservatively ignoring
portionsof a response,or throughthe useof logic specificto the circuit undertestor to the test
response.In theory, agivenunknown logic valuein a testresponsemightappearasdifferentlogic
valuesto differentgatesin a circuit implementinga testresponsecompactor, but suchvariability
is irrelevant in practice. Bistablelogic elementstend to converge quickly to either0 or 1, and
unknown logic elementscan be treatedas erasureswithout significantrisk [6]. Erasure-based
approachessuffer from practicallimitations,however.

Several methodscanbe consideredfor applying traditionalcodingtheoryto the problemof
dealingwith erasuresin a goldentest response.Test equipmentmight solve systemsof linear
equationscorrespondingto known patternsof erasures,or storemultiple patternsfor comparison.
Thesetechniquesposechallengingimplementationproblemsin practice,however, dueto the im-
plicationsfor processingpower andstoragein the testequipment. For the purposesof testing,
systemconstraintsrequirethaterasurecodeson approximatelya thousandelementsbesolvedin
roughly10 nanoseconds.Alternatively, for � erasures,��� patternscanbecomparedwith theout-
put bits for eachtest. A codewith distanceof at least � � � cancorrect � erasuresanddetect�

errorssimultaneously. Thus,with � erasuresandat most
�

errors,we cancompareagainstthe
�!� possibleoutputsfor matches.Currenttestmethodologiesandarchitecturesarebasedonper-pin
comparisonsanddo not readilysupportthis technique.Also, for largevaluesof � , it maybeun-
reasonableto compareagainst� � patterns.Storingall of thepatternsis alsoimpractical,astester
memoryis limited. Instead,theunknown input bits couldberecorded,thecorrespondingrows in
thecodematrix lookedup, andtheresultingbit patternstestedfor a match. While recordingthe
unknown inputbitsmayrequirelessadditionalstoragethanrecordingtheoutputbits to beignored,
thetablelookupandcomparisonprocessesmaytake substantialtime. Severalvariationson these
approachesarealsopossible,tradingtesttimewith storagerequirements,andaredetailedin [13].

Thelackof practicaltechniquesfor handlingX’s in goldentestresponsesaserasuresgaverise
to thenotionof theX-code,whichallows thesevaluesto propagatelogically throughacompactor
while guaranteeingthatany errorsin otherpartsof thegoldenresponsearedetected.

3 Definitions and Abstractions

This sectionprovidesa moreformal definitionof X-codes.TheX-codeis designedto ensurethat
unknowablevaluesin the responseto be compacted(the input to the compactor)do not prevent
errorsfrom appearingin thehashof the response(the outputof thecompactor),while assuming
thatany outputsthatdependon any unknowableinput arethemselvesunknowable. In this paper,
we limit our discussionto binary linear codes.Suchcodesareimplementedascircuits of XOR
gatesandcanreadilybetested[11] to ensurethatthecompactoritself doesnotsomehow suppress
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detectionof errorsin othercircuits. Non-linearX-codescanberepresentedasarbitrary3-valued
logic functionsof asetof input values,but arenoteasilyviewedassetsof codewords.

Werepresentacodeasan ��� � matrix " (with � rowsand� columns),where� is thenumber
of bits in a testresponse,and � is thenumberof bits in theresultinghash.As with conventional
binary codes,the matrix entry "$#&% is 1 if the ' th bit of the hashdependson the ( th bit of the
uncompactedresponse,andis 0 otherwise.Thehash) is calculatedby multiplying theresponse
vector * by thematrix " : ) � *+" . The ' th bit of thecompactedresponseis thusobtainedby
XOR-ing all bits ( suchthat "$#&% � � .

We formulateX-codesin termsof reducedmatrices.Let " bea codematrix, andlet , be a
setof rows of " . The reducedmatrix "$- is thematrix formedby removing (from " ) all rows in
, andall columnsin which any row in , containsa 1. We denoteby .0/21 3 the classof X-codes
for which any two input vectorswith the samehashareseparatedby a Hammingdistanceof at
least 4 in thepresenceof up to 5 unknown input values.More formally, theclass.6/21 3 containsall
matrices" suchthat,for any set , of up to 5 rows of " , thecodedefinedby thereducedmatrix
"$- hasa weight(minimumHammingdistancebetweencodewords)of at least 4 . Error control is
thensupportedby thereducedmatrix in theusualform of minimumHammingdistancebetween
input vectorswith thesamehashvalues.

798
: ; :<; ;: ; ; : ;: ; ;=; :; : :<; ;; : ; : ;; : ;=; : >
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As an example,considerthe matrix on the left above. Reducingthe matrix by the row F
impliesremoving therow itself alongwith thetwo boxedcolumnsin which therow containsa 1.
The reducedmatrix is shown on the right, andfrom inspectioncanbe seento definea weight 3
code(codewordsare00000,01101,10110,and11011).By thesymmetryof thestructureof " ,
all of thereducedmatricesdefinecodeswith weight3, and "HGI.KJL1 M .

Two pointscannow be madein light of the definition of X-codes. First, the reducedmatrix
formulationis equivalentto theuseof 3-valuedlogic whencalculatinghashes.An unknowablein-
put F value(anX) producesunknowableoutputvaluesin exactly thosepositions(matrixcolumns)
in which therow correspondingto F contains1s. As errorsin otherinput valuesdo not influence
unknowableoutputs,thematrix "ONCPRQ becomestheeffective codein this case.Second,theclasses
.0/21 S are identical to the superimposed,or 5 -disjunct, codesdevelopedfor combinatorialgroup
testing(CGT),a factdiscussedin moredetail in Section4.

3.1 Terminology

A few definitionsareusefulfor discussingthepropertiesof X-codes.Theterminologyreflectsthe
digital testingcontext in which X-codesarose,althoughwe have adoptedconventionalsymbols
andtermsfrom codingtheorywhenpossible.In particular, weview theproblemof finding“good”
X-codesasminimizationof thenumberof outputs� for a fixednumberof inputs� .

4



For thepurposesof this paper, any codein .0/21 3 canberepresentedby an �T� � matrix " ; the
dimensionsarespecificto " , but therelationshipbetween� and� is constrainedby theproperties
of theclass.6/21 3 . Rows in " correspondto inputs,andcolumnsto outputs.Thecompactionratio
of " is the ratio of thenumberof inputsto thenumberof outputs,��U � . The identity matrix on� elements,VXW , is in all X-codeclasses,sinceall reducedmatricesof V�W arealsoidentity matrices
anddefinecodeswith only onecodeword. We saythatanX-codeis non-trivial if its compaction
ratio is greaterthanone.

Whencomparingtwo X-codematrices,thefirst is smaller(larger) thanthesecondif thefirst
hasfewer (more)columnsthanthesecond.An X-codematrix is optimal for a givenclassanda
givennumberof rowsif nosmallermatrix in theclasshasat leastasmany rows. In many cases,the
classandnumberof rowsareclearfrom thecontext, andthetermoptimalalonesuffices.Optimal
X-codesalwaysexist (possiblythe identity matrices),but arenot necessarilyunique.Finally, we
saythata matrix " is maximalfor a givenclassanda givennumberof columnsif no othercode
in theclasswith thesamenumberof columnshasmorerows than " .

3.2 Matrix Properties

Wenow discussseveralpropertiesof X-codematrices,focusingonthesimilaritiesanddifferences
with traditional codes. In a numberof instances,we make useof the one-to-onerelationship
betweenrows in areducedmatrix "$- androws in thematrix " beingreduced(otherthanthosein
theset , ). As this relationshipis fairly natural,constantreferenceto it tendsto cluttertheproofs,
andwe deliberatelyomit mentionof themappingin mostcases,insteaddenotingrows in "$- and
thecorrespondingrows in " with thesamesymbols.

By definition,any checkmatrix " for a conventionalbinarylinearcodeof weight 4 is in .ZY�1 3 .
As with traditional codes,given any matrix " G9.0/21 3 , onecan form othermatricesin .0/21 3 by
removing any numberof rows from " .

Matricescan also be extendedwith additionalrows and columnsto createuseful X-codes,
whereassuchoperationsarenot worthwhile for mostotherpurposes.For example,to createan
X-codein .0Y�1 J[J with 257inputs,onecanconstructa block diagonalmatrix from a �]\^\ �`_ � BCH
checkmatrix [2] anda � � � identity matrix,asshown below. Theresulting�^\^a �`_ � matrix is in
.ZY�1 J[J , but asaconventionalcodedoesnothingmorethanextendthenumberof checkbits, turning
a (255,215)codeinto a (257,215)code. The differencein utility relieson the fact that the hash
bits generatedby anX-codearenot subjectto errors,whereasall bits in a conventionalcodeare
assumedto besubjectto errorsandmustbeprotectedthroughthecode.bdc

e6fZ7gihkj�j2lmh : j^n ;
; :H;; :

hkj]o

The reducedmatricesof an X-codearealsoX-codes. In particular, given " G0.6/21 3 andany
set of rows , in " suchthat pq,rp�s 5 , the reducedmatrix "�- is in . /utwv -xv 1 3 . Similarly, any
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X-code "yGz.0/21 3 alsoservesasaX-codeof smallerweightor for fewerunknowns: .0/21 3|{}.0/utwJL1 3 ,
and .0/21 3~{�.6/21 3ktwJ . Furthermore,usinga codeto handlefewer unknownsincreasesits weight:

Theorem 1 �w5 � 4 � .0/21 3~{�.0/utwJL1 3k�wJ .
Proof: Let " bea matrix in .0/21 3 andassumethat .0/21 3 �� .0/utwJL1 3k�wJ . Thenthereexistsa set , of
rows of " , p�,�p�s�5 ��� , anda set � of rows of "$- , p ��p���4 � � , suchthat the rows in � sum
to 0. Picka row FOG�� . Columnsin which F containsa1 do notappearin " -�� NCPRQ , thusthesumof
therows correspondingto thosein �9�r��F�� is also0. But since p�,z����F���pxs�5 and p �9�r��F���p�� 4 ,
" �G`.0/21 3 , acontradictionwhichcompletestheproof.

Theconverserelationshipdoesnot necessarilyhold. Consider, for example,a code "�G0.ZS�1 S ,
andlet " NCPRQ G0.KJL1 S bethereducedmatrix for somerow F . No row � in " NCPRQ cancontainonly 0s,
nor canany row have 1s in a subsetof the columnsin which a secondrow has1s, asotherwise	 " NCPRQ 
 NC�RQ hasweight1, and " NCPRQ �G�.KJL1 S . In contrast,with ��G0.KJL1 M , therows in a reducedmatrix
needonly benon-zeroandunique,implying thatat leastthreearerequiredto sumto 0. Patterns
thatobey theconstraintfor .ZS�1 S alsoobey theconstraintfor .KJL1 M (equivalentbit patternsaresubsets
of oneanother),but not vice-versa.

Similarly, the codeon the left below is the smallestnon-trivial codein .KJL1 S . The Hamming
codeon theright hasbothfewer columnsandmorerows,andis optimalandmaximalin .ZY�1 M , but
is not in .KJL1 S , asanunknown valuein thelastrow hidesall errorsin otherinputs.

:=:�;=;:<; :<;:<;�; :; :�:<;; :�; :;=; :=:

;=; :; :�;; :�::<;�;:<; ::=:�;:=:�:
ThesesubsetrelationshipsformapartialorderingontheX-codeclasses.Givenclasses.0/21 3 and

.0/¡ ¢1 3£  with 5z¤�5¦¥ , theorderingis undefinedif andonly if 5 � 4���5¦¥ � 4!¥ .

3.3 Submatricesand Row Weights

TheX-codematricesalsoexhibit anumberof interestingpropertiesbasedonsubmatricesandrow
weights.Thefollowing theoremgeneralizesapropertyof conventionalcodesto X-codes.

Theorem 2 For any "yGz.0/21 3 , andfor anyset , of up to 5 rowsof " , andanyset� of fewer than	 4 � 5 � pq,rp 
 rowsof thereducedmatrix "$- , there existsa set § of p ��p columnsof "$- such that
thesubmatrixformedby theintersectionof � and § in "$- hasdeterminant1.

Proof: As 5�¨©p�,rp and 5 � 4�¤�pq,rp � p ��p , we have "ªG«. v -xv¬1 v ­�v¬�wJ , and "$-�G«. Y�1 v ­®v¬�wJ . Therest
of theproof is adaptedfrom conventionalcodingtheory. Considerthesubmatrix

�
of "$- formed

by therows in � (with all columns).Build theset § by startingwith any non-zerocolumnfrom
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�
andrepeatedlyaddingcolumnsthat arelinearly independentfrom all othersalreadyin § . If

fewer than p �¯p canbe found, somenon-emptysubsetof � sumsto 0, contradictingthe fact that
"$-°G±.ZY�1 v ­®v¬�wJ andcompletingtheproof.

Thistheoremmakesit easyto generalizeoneof theresultsfrom theCGTliteraturefor arbitrary
classesof X-codes:

Corollary 1 For any "�G`.0/21 3 andanyset , of up to 5 � � rowsof " , thereexistsa set § of p�,�p
columnsof " such that thesubmatrixformedbytheintersectionof , and § in " is a permutation
matrix (an identitymatrixunderrowor columnpermutations).

Proof: For eachFzG², , applyTheorem2 to find a column ³ P of " -x´ NCPRQ in which F containsa 1.
Thepresenceof ³ P in "$-x´ NCPRQ impliesthatall rows in ,��r��F�� contain0sin ³ P . Theset § is defined
to beall of the ³ P , completingtheproof.

The presenceof suchpermutationsubmatricesalsosufficesto prove membershipin .0/21 S (as
shown in theCGT literature):

Corollary 2 Let " bea codematrix such that, for anyset , of up to 5 � � rowsof " , thereexists
a set § of p�,rp columnsof " such that thesubmatrixformedby theintersectionof , and § in " is
a permutationmatrix. Then"HGI.0/21 S .
Proof: Let , bea non-emptysetof up to 5 � � rows,andlet § bea setof columnssuchthatthe
submatrixlying in both , and § is a permutationmatrix. Pick any FzG�, . Clearly, thevectorof
weight1 with a single1 in thepositioncorrespondingto F is not acodeword of " -�´ NCPRQ . However,
thechoicesof , andF werearbitrary, thusneither" norany reducedmatrixof " (by upto 5 rows)
hasany codewordof weight1, and "HGI.0/21 S .

Finally, wecanplacea lowerboundonrow weight(numberof 1sin a row) for smallcodes:

Theorem 3 Given "ªG0.0/21 3 such that " is a smallestnon-trivial codein .0/21 3 , theweightof any
rowof " is at least5 � � .
Proof: Assumethecontrary, andlet row F of " haveweight �µs¶5 . If F hasa1 in somecolumn ³
of weight1, row F andcolumn ³ canberemovedfrom " to form asmallernon-trivial codein .0/21 3 ,
whichcontradictstheassumptionthat " is asmallestnon-trivial code.Thusnocolumnin which F
hasa1 hasweight1. Formaset , of rowsby startingwith row F andchoosing,for eachcolumn ³
in which F hasa1, anotherrow �X· thathasa1 in ³ . Set , hascardinalityof atmost � � � s¶5 � � ,
but violatesCorollary1, asno columnexists in which row F alonehassupport.Thus " �GT.0/21 3 , a
contradictionthatcompletestheproof.

Theimplicationof this theoremis that,whentrying to constructcodesfrom a givenclass,we
shouldconsiderconsideronly rowswith weightgreaterthan5 . Codesonfewer inputsandoutputs
canbeextendedtrivially by includingtheidentity matrix,androws of weightgreaterthanonebut
notgreaterthan5 serveno usefulpurpose.
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4 Relationship to SuperimposedCodes

This sectiondescribessuperimposedcodesandillustratestheir relationshipto X-codes,thendis-
cussesa handfulof boundsandconstructionsno doubtalreadyfound in the literatureon super-
imposedcodes. Superimposedcodeswere introducedby Kautz and Singleton[7] in 1964 for
theproblemof combinatorialgrouptesting(CGT), andhave beenanactive areaof studyin both
the information theory and mathematicscommunitiessincethat time. A paperby D’yachkov,
Macula,Jr. andRykov [3] servesasa goodstartingpoint for exploring the rich literaturein this
area.

Combinatorialgrouptestingarosefrom theneedto screensoldiersfor syphilis. Thetestpro-
cessallowedbloodsamplespooledfrom a numberof soldiersto betestedsimultaneously, with a
positivetestresultobtainedwheneveroneor moreof thesamplessopooledindicatedthepresence
of syphilis. As the fraction of infectedindividualswasexpectedto be small, andtestswereex-
pensive,codesweredevelopedto identify infectedindividualswithin agroupwithout testingeach
memberseparately, i.e., by only testingsubgroups.

More formally, given a groupof � individualsanda target maximumnumber5 of infected
individuals,theoriginalCGTproblemrequiresasetof testssuchthattheresultsof thetestseither
uniquelyidentify up to 5 infectedindividualsor indicatethatmorethan5 individualsareinfected.
If thetestsmustbedesignedin advance(toallow themto proceedsimultaneously, for example),the
problemis termeddeterministicgrouptesting,andthesetof � predefinedtestscanberepresented
asan �9� � matrix in which rows correspondto individualsandcolumnsto group tests. The
superimposedcodes[7] were designedfor this problem. As an exampleof later directionsof
interest,subsequentgeneralizationson this problemaddressfalsepositivesandfalsenegativesin
thetestresults.

Wearenow readyto presenta formulationof superimposedcodesandto demonstratethatthey
areequivalentto theclasses.0/21 S . Givena codematrix " , a set , of rows of " obscuresa row F
of thereducedmatrix "$- if F containsonly 0s. Using this definition,we canwrite thedefinition
of .6/21 S asfollows: amatrix " is in .6/21 S if f for any set , of up to 5 rowsof " andany otherrow F
of " , F �G�, , , doesnot obscureF . In CGT terms,a matrix is saidto be 5 -disjunctif no setof up
to 5 rowsobscuresany otherrow. Suchmatricesarealsocalledsuperimposedcodes.

Theorem 4 Let " bean ��� � matrix. For any 5�s � , thefollowingareequivalent:
(a) the matrix " definesa set of � group teststhat solvethe original CGT problemfor� individualswith no more than 5 infected,and
(b) "yG`.0/21 S .

Proof: ((a) implies (b)) Assumethat " solvesthe CGT problemfor somevalueof 5 , but that
" �GI.6/21 S . Thenthereexistssomeset , of up to 5 rowsof " andanotherrow F of " , F �GT, , such
that , obscuresF . Assumethatall individualscorrespondingto rows in , areinfected. Since ,
obscuresF , no group test can then determinewhetheror not F is also infected. However, the
set ,z����F�� is eithera distinctsetof cardinalitynot morethan 5 or a failurecase(when p�,rp � 5 ),
thusthe inability to distinguish, from ,±�I��F�� implies that " doesnot solve thespecifiedCGT
problem,acontradiction.
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((b) implies(a)) Assumethat "HG±.0/21 S , but that " doesnot solve thespecifiedCGTproblem.
Thenfor someset , of up to 5 individuals, thereexists a secondset � �� , (� canbe of any
size)suchthat infection in exactly the membersof , cannotbe distinguishedfrom infection in
exactly the membersof � by the grouptests. Assumewithout lossof generalitythat � �� , (if
� � , , swapthetwo), andpick anindividual F¸G±�
�r, . As thetestresultsareindistinguishable
for , and� , no testcanincludeF withoutalsoincludingsomememberof , . Thusthesetof rows
correspondingto individualsin , obscurestherow correspondingto F , but p�,rp¹s}5 , so " �G±.0/21 S ,
acontradictionthatcompletestheproof.

The literature on superimposedcodes serves as a good source of information for the
classes.6/21 S . In the remainderof this section,we demonstratea few aspectsof theseclasses
of X-codesthat arepresumablyalreadyknown to readersfamiliar with that literature,but may
nonethelessbeinterestingto readerswho arenot.

4.1 A Few º l h Constructions

The first constructionemploys Sperner’s Theorem[8, 15] to boundoptimal compactionratios
in .KJL1 S . Ratherthansimply referencethis theorem,however, we provide a proof soasto allow us
to morereadilygeneralizetheapproachto boundcompactionratiosfor other .0/21 S classes.

Let , � �¼»2J ��½�½�½k� »¡¾K� be a set. A chain § of , is an orderedset ���ZJ ��½�½�½�� �À¿2� of subsets
of , suchthat ��J � �®S � ½�½�½ � �Á¿ . Chain § is maximalif p�§�p � � � � . A bijection canbe
constructedfrom thepermutationsof , to themaximalchainsof , by associatinga permutation
) � 	�Â J ��½�½�½���Â ¾ 
 with themaximalchaingivenby �¼Ã � �¼»¡Ä�Å[� � �¼»¡Ä�Å � »¡ÄkÆ�� ��½�½�½ � . An antichain Ç of
the set , is a set �¼ÈÉJ ��½�½�½�� È�¿]� of subsetsof , suchthat no memberof Ç is a subsetof another
member. Wearenow readyto proveSperner’s Theorem.

Theorem 5 (Sperner’s Theorem)

For anyantichain Ç of a set , of � elements,pqÇÊp]s �Ë � U ��Ì .

Proof: By thedefinitionof anantichain,nomaximalchainof , cancontainmorethanoneelement
of Ç . Let È be a memberof Ç , and let � � p�È°p . The numberof maximalchainsin which È
appearscanbecalculatedby countingthepermutationsin which theelementsof È appearin the
first � positions.In particular, thereare �uÍ orderingsfor theelementsof È , and 	 � � � 
 Í orderings
of theelementsnot in È , for atotalof �uÍ 	 � � � 
 Í maximalchains.Let Â # bethenumberof elements
(subsetsof , ) of cardinality ( in Ç . The numberof maximalchainsin which any elementof Ç
appearsmustbelessthanthetotal numberof maximalchainsof , :

¾
#ÏÎ]Y
Â #�(ÐÍ 	 � � ( 
 ÍÑs �IÍ
¾
#ÏÎ]Y

Â #
�
(

s � (1)
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But for all values
� s¶(És¶� ,

�
( s �Ë � U ��Ì . Thus

¾
#ÏÎ]Y

Â #
�Ë � U ��Ì

s
¾
#ÏÎ]Y

Â #
�
(

s �

¾
#ÏÎ]Y
Â #ys �Ë � U ��Ì
pqÇÒpÓs �Ë � U ��Ì

whichcompletestheproof.

Theboundplacedby Sperner’s Theoremis tight, sinceall subsetsof
Ë � U ��Ì elementsform an

antichainwith cardinalityequalto the bound. Equation(1) is known asthe Lubell-Yamamoto-
Meshalkininequality, andis a generalizationof Sperner’s Theorem.

An antichain generator � of order 5 for the set , is a set �¼*®J ��½�½�½�� *¹¿]� of subsetsof , with
propertiesdefinedinductively on 5 . In particular, an antichaingeneratorof order0 is simply a
setof non-emptysubsetsof , . An antichaingenerator� of order 5 is an antichaingeneratorof
order5 �±� suchthattheunionof any 5 distinctmembersof � is uniqueandsuchthattheunionsof
all combinationsof 5 distinctmembersof � togetherform anantichainÔ of set , . TheantichainÔ
is saidto begeneratedby � for order 5 , andany antichaingeneratorof order 5�¤ � generates5
distinctantichains.Observe thatanantichaingeneratorof order1 is simply anantichain,andthat
thesingleantichainit generatesis itself. Antichaingeneratorsof order 5 correspondto matrices
in .6/21 S , asshown by thefollowing lemma.

Lemma 1 Let " be an ��� � matrix. Each row F of " definesa subset* of columnsof " in
which themembersof * areexactlythosecolumnsin which F containsa 1. Let � bethe(multi-)set
of subsetsdefinedbyall rowsof " . Then"HGI.0/21 S iff � is anantichaingenerator of order 5 .
Proof: (sufficiency) Assumethat � is anantichaingeneratorof order 5 for thecolumnsof " . No
row of " cancontainonly 0s,as � is alsoanantichaingeneratorof order0. Let , beanon-empty
setof up to 5 rows of " , andlet Ç betheantichaingeneratedby � for order pq,rp . Let *ÁJ ��½�½�½ * v -xv
betheelementsof � correspondingto therows of , , andlet È � *ÁJÕ� ½�½�½ �I*®v -�v betheir union.
Then È�GTÇ . Picka row F �G�, , andlet Ö�G�� representF in � . If Ö � È , wecandefineasecond
memberof Ç as È ¥ � Ö²��*�SK� ½�½�½ ��* v -xv , which includes Ö in placeof *®J . Clearly, È ¥ {<È ,
implying that Ç is not anantichain(or that � is not anantichaingeneratorof order p�,�p , if thetwo
areequal),a contradictionproving that Ö �� È . But Ö �� È implies that , doesnot obscureF .
Sincethechoiceof , andF werearbitrary(with , � Ã handledearlier), "yGI.0/21 S .

(necessity)Assumethat " G�.6/21 S . No row in " cancontainonly 0s, thus � is an antichain
generatorof order0. To prove that � is anantichaingeneratorof order 5 , it mustbeshown that
for any � s � s95 , � is anantichaingeneratorof order � . Let , and � betwo distinctsubsetsof
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� rows of " (they mayoverlap,but cannotbeequal). Let *ÁJ ��½�½�½ *¹¿ be theelementsof � corre-
spondingto therows in , , andlet ×TJ ��½�½�½ ×�¿ betheelementsof � correspondingto therows in
� . Define È�- � *®J�� ½�½�½ �±*x¿ and È�­ � ×`J�� ½�½�½ �`×�¿ . If È�- �� È�­ and È�­ �� È�- , theproof
is complete.Pick a row F±GÓ,±�Ø� , andlet *®J$GÓ� correspondto F . If È�- � È�­ , we alsohave
*®J � È�­ , and � obscuresrow F . But p �¯p � � s�5 , contradictingthe fact that " G�.6/21 S . Thus
È�- �� È�­ . Similarly (or by thearbitrarychoiceof , and � ), we alsohave È�­ �� È�- , completing
theproof.

Applying thesametechniqueusedto prove Sperner’s Theoremallows us to boundthecardi-
nality of antichaingenerators:

Lemma 2 (extensionof Sperner’s Theorem) For anyantichain generator � of order 5T¤ � for

a set , of � elements,
p���p
5 s �Ë � U ��Ì .

Proof: Theantichaingeneratedby � for order5 hascardinality
pq�°p
5 . Applicationof Sperner’s

Theoremthuscompletestheproof.

We cannow placeanupperboundon thenumberof rows in any matrix "yGI.0/21 S :

Theorem 6 For any �T� � matrix "HGI.0/21 S , �
5 s �Ë � U ��Ì .

Proof: Theconstructionof Lemma1 givestheantichaingenerator� of order 5 correspondingto
" , and pq�°p � � . Applicationof Lemma2 thenprovesthetheorem.

As theboundplacedby Sperner’sTheoremis tight, wecangivemorespecificboundsfor .KJL1 S .
Corollary 3 Let " GÙ.rJL1 S be an �Ú� � matrix with � ¤ � . The matrix " is maximal iff
� � �Ë � U ��Ì , andis optimaliff

� �Û�Ë 	 � �Û�k
ÐU ��Ì � � .
Proof: To prove thefirst partof thecorollary, let Ç betheantichainon � elementsconsistingof
all subsetsof cardinality

Ë � U ��Ì . Then Ç is anantichainof order1, andby Lemma1 corresponds

to amatrix
� G�.rJL1 S . Thematrix

�
has

�Ë � U ��Ì rowsand� columns,thus " is maximalif f it

hasthesamenumberof rows. Proving thesecondpartof thecorollaryrequiresonly theanalogous
antichain-basedconstructionon � ��� columns.

We now provideaconstructive lowerboundfor .ZS�1 S .
Theorem 7 For anyoptimalcodein .ZS�1 S , �Üs<ÝÏÞàß^á S �Áâ�	 ÝCÞãß^á S �Áâ � ��
 .
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Proof: Theproof is constructive,andproducesamatrix
� Gz.ZS�1 S for any givennumberof rows � .

To simplify thediscussion,let � � ÝÏÞàß^á S �Áâ . Thematrix
�

has� rows and � 	 � � ��
 columns.In
thesubmatrixformedby thefirst � columns,assignuniquebinarycombinationsto eachrow. Any
combination,including all 0s, canbe used. A secondsubmatrixof � 	 � �ä��
XU � columnsis then
formedby summing(XOR’ing) eachpairof columnsfrom thefirst submatrix.Thefinal submatrix
of � 	 � � ��
XU � columnsis then formed by complementingthe columnsof both of the first two
submatrices.Thetotal numberof columnsis then � 	 � � �k
 .

It remainsto be shown that
� G¶.ZS�1 S . By Corollary 2, it sufficesto show that for any set ,

of threerows of
�

, thereexists a set § of threecolumnssuchthat the submatrixformedby the
intersectionof , and § is apermutationmatrix.

Considerthesubmatrixof
�

inducedby any threerows. It sufficesto show thatfor any row F
of the three,a columnexists in the submatrixwith a 1 in F and0s in the other two rows. As
the threerows aredistinct, thereexist columnsthatdistinguishF from eachof theotherrows. In
particular, thefirst submatrixof

�
is filled with distinctbinarypatternsfor eachrow, thuswe can

alwaysfind a columnwith oneof the following two formsto differentiateF from thesecondrow
(with F asthefirst row): §AJ �Ñå � �$æ�ç T or §�S �Ñå¬� �|è ç T. If

æÊ���
for any columnof theform §AJ ,

or if è � � for any columnof the form §�S (usethecolumncontainingthebitwisecomplement),
wehavefoundthenecessarycolumnandaredone.If not,wehaveeither

å � � � ç T or
å¬� � �^ç T in the

first submatrix.
Similarly, we canalwaysfind a columnwith oneof thefollowing two formsto differentiateF

from thethird row: §�M �éå � ³ �^ç T or §�ê �éå�� 4 � ç T. If ³ �Û� for any columnof theform §�M , or if
4 � � for any columnof theform §�ê (againusethecolumncontainingthebitwisecomplement),
wehavefoundthenecessarycolumnandaredone.If not,wehaveeither

å �K� �]ç T or
å¬�K� � ç T in the

first submatrix.
Four combinationsremain. If

å � � � ç T and
å ��� �]ç T appearin the first submatrixof

�
, the

bitwisecomplementof theirsum(
å � �A�^ç T) appearsin thethird submatrix.Theothercombinations

aresimilar, andin eachcaseshow thatthedesiredcolumnmustexist, completingtheproof.

Corollary2 canbealsousedto constructanoptimalX-code "=G0.0/21 S usinganNP-complete
algorithmthat is practicallyviable for small codes.For a givennumberof rows � , thealgorithm
first constructs5 � � columnsfor eachcombinationof 5 � � rows. The submatrixformedby
eachsetof columnswith the associatedsetof rows is an identity matrix, while all othervalues
in the columnsaremarked as“don’t care,” which we shall denoteby D. The valueD is saidto
be compatiblewith any othervalue,whereas0 is only compatiblewith 0 andD (but not 1), and
1 is only compatiblewith 1 andD (but not 0). Two columnsarecompatibleif thevaluesin each
of their rows arecompatible. The algorithmforms a minimal setof compatibility classes(sets
of columns)suchthat any two columnsin a givenclassarecompatiblewith oneanother. Next,
for eachcompatibility class,the algorithm selectsa representative column of 0s and1s that is
compatiblewith all columnsin theclass.If thecolumnsin aclassall containD in somerow, either
valuemaybechosenfor thatrow in therepresentative columnfor theclass,but picking 0 in such
casesgivesa probabilisticadvantagefor handlingmoreunknowns. Theserepresentativecolumns
togetherform anoptimalmatrix in .0/21 S for � rows.
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Unfortunately, while smallcodesmaybefeasiblewith thealgorithmjust presented,it maynot
scalewell for two reasons.First, thenumberof distinctcombinationsof 5 � � rowsmaybelarge,
forbidding constructionof the original matrix. A logical constructionshouldsuffice, however.
Second,computationof a minimal setof compatibility classesis equivalentto a minimal clique
cover, andis thusanNP-Completeproblemunlessthestructureof theoriginalmatrixcansomehow
beexploited.

4.2 Relation to SteinerSystems

Certaintypesof combinatorialdesignscalledSteinersystems[16, 17] serve asoptimalcodesfor
.0/21 S , andseemto bemuchmoreeffective thantheconstructionof Theorem7. Borrowing conven-
tions from [17], a combinatorialdesignë - 	�ì®������í�
 consistsof a set , of � -subsetsof ì elements
(i.e., subsetsof cardinality � ), suchthatevery ë -subsetof the ì elementsappearsin exactly í mem-
bersof , . When í � � , thedesignis calleda Steinersystem,after theauthorof [16], who was
oneof thefirst to studytheproblem.As anexample,considertheincidencematrixof the2-(9,3,1)
Steinersystem,asshown below (the transposeof the incidencematrix definedin [17]). In this
matrix, eachrow representsa 3-subset( � ��î ) of the9 outputs(ì ��ï ), andeachpair of outputs
(ë � � ) appearsin exactlyonerow ( í � � ). Thematrix is in .ZS�1 S and .rJL1 ê .

:�:=:�;=;�;=;ª;=;;�;=; :=:�:<;ª;=;;�;=;�;=;�; :ª:=::�;=; :<;�;=; :<;; :<;�; :�;=;ª; :;�; :�;=; :=:H;=;:�;=;�; :�; :H;=;; :<;�;=; :<; :<;;�; :�:<;�;=;ª; :; :<; :<;�; :H;=;;�; :�; :�;=; :<;:�;=;�;=; :<;ª; :
Theuseof Steinersystemincidencematricesfor X-codesgeneralizesto somedegree.We can

reducethe problemof finding a code " G9.0/21 S (with 5Ú¤ � ) to the problemof constructinga
Steinersystemasfollows. Assumethat the rows of the matrix musthave equalweight ð of the
form ð � 5wñ � � for someñT¨ � , andthatwe cansomehow identify theappropriatevalueof ð .
Let , bea setof up to 5 rows of " , andlet F bea row in "�- . If any two rows in thecodehave
1s in at most ñ columnsin common,theweight of F in "$- is at least5wñ � �Ø� p�,rp ñ«¨ � , since
reductionby eachrow in , removesatmostñ columnsin whichrow F containsa1. Thusnovector
of weight1 is a codeword for "$- , and "=G�.0/21 S . We canaccomplishthis goalby assertingthat
every subsetof ñ � � columnsappearstogetherin at mostonerow, which constrainsthenumber
of rows. For a fixed numberof outputs� , we wish to maximizethe numberof rows � , which
representinputs.Theanswerto this new problem,andthusacodein .0/21 S with amaximalnumber
of rows for � columnsandrow weight ð , is a Steinersystem:a combinatorialdesignin which
every 	 ñ � ��
 -subsetappearsin exactlyone 	 5wñ � ��
 -subset,or 	 ñ � ��
 - 	 � �¼	 5wñ � ��
X�¼��
 .
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Steinersystemsdonotexist for arbitraryvaluesof � , andin factarequitesparsefor evensmall
valuesof ñ and5 . Furthermore,Steinersystemsmaynotbeoptimal,assolutionswith variablerow
weightsmay be superior. They do, however, provide someinsight on the potentialfor X-codes,
andin somecasesareprovablybothoptimalandmaximal.Considerthefollowing theorem.

Theorem 8 TheSteinersystem2-(9,3,1)is thesmallestnon-trivial codein .ZS�1 S , andis maximal.

Proof: Weomit theproof,which is fairly straightforwardusingconstraintsfrom earliertheorems.

Wecanconjecturea lowerboundontheasymptoticbehavior of thecompactionratio for maxi-
malcodesin .ZS�1 S by assumingthatthestructureof Steinersystemscanbeapproximated(to within
a non-exponentialfactor)whenthey do not exist for somevaluesof ë , ì , and � . For a givenvalue
of � , wewould liketo constructaSteinersystemof theform 	 ñ � ��
���	 � � ��ñ � ���^��
 for whatever
valueof ñ maximizesthenumberof rows � . If theSteinersystemexists, � is givenby

� � ò
#ÏÎ]Y
( � � � ñ
( � ñ � � (2)

For any givenvalueof � , � risesmonotonicallyin ñ to its maximumvalue,thenfalls mono-
tonically. Wemaximize� by finding theminimumvalueof ñ suchthat:

ò
#ÏÎ]Y
( � � � ñ
( � ñ � � ¨

ò �wJ
#ÏÎ]Y
( � � � ñ �Û�
( � ñ � �	 ��ñ � î 
!	 ��ñ � � 


ñ � � ¨ � � ñ ���
\�ñ � a ¨ �
ñ ¨ � � a

\
Thusñ � Ý 	 � � a 
ÐU \ â . For largevaluesof � , weapproximateasñ � � U \ andrewrite (2) as

� � ¾Eóõô
#ÏÎ]Y
( � _ � U \
( � � U \

� � _ �IÍ 	 � U \ 
 Í	ö_ � U \ 
 Í 	 ��� U \ 
 Í
� � ÷ � � 	X��U \ 
 ¾Eóõô	ø_¼U \ 
 êL¾Eóõô 	 � U \ 
 SL¾Eóõô
� � ÷ � � \_

¾

in which thethird stepusesStirling’sapproximationfor thefactorials.Thenormalizationconstant
in front is inaccuratedueto theapproximationof ñ , andfurthermoredoesnot reflectthefact that
few of thedesiredSteinersystemsactuallyexist. Steinersystemsaresparsefor evensmallvalues
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Figure1: Boundsandconstructionsfor .ZS�1 S . Theupperline shows anoptimisticboundbasedon
Steinersystems;themiddleshows thebestcodesgeneratedby a simplestochasticapproach;the
lowershowstheconstructionof Theorem7. Thestochasticgenerationusedatmost7 bitsperrow,
whichbecomeslesseffective than9 bits perrow in theSteinerboundat 23outputbits.

of ñ . As anexample,� G å �^ù � î � ç gives ñ � \ , but thesmallestvalueof � for which a Steiner
systemof the form 6- 	 � �¼�^���¼��
 can exist (other than the trivial caseof � � �^� ) is 221, and
the next valueis 389. Thusthe maximalX-codematrixescanonly approximatetheir structure.
Figure1 comparesthis boundwith the constructionof Theorem7 andrandomcodeswith small
fixed row weights. Tighterupperboundscanalsobe constructedby including the effectsof the
floor functionsthat must be appliedafter eachmultiplication in Equation2 (the factorsare all
integral for Steinersystems),andlinearprogrammingusinginequalitiesfor codesof equalweight
alongwith theJohnsonboundcantightentheboundfurther, but arebeyondthescopeof thispaper.

Systematicconstructionsdo exist for certain Steinersystems,such as thoseof the form
2- 	�	 5 � ��
 S �¼	 5 � �k
Ð�¼��
 whenever 5 � � is a primepower. In particular, matrix columnsin sucha
systemcorrespondto pointsin a two-dimensionalvectorspaceover GF(5 � � ), androws corre-
spondto all one-dimensionalsubspacesandtheir cosetsunderaddition[17].

Conjecture 1 If for some5T¤ � theSteinersystem2- 	�	 5 � �k
 S �¼	 5 � ��
X�¼��
 exists,it is a smallest
non-trivial codein .6/21 S , andis maximal.

5 The ��� 4 Codes

In thissection,weconsiderasetof generalandspecificconstructionsfor codesin the .KJL1 3 classes.
Onemethodfor constructingX-codesis to startwith aconventionalcheckmatrixandto invert the
reductionprocessby extendingtheoriginal matrix. Standardcodes(in .ZY�1 3 ), for example,canbe
usedto constructcodesin .KJL1 3ktwJ or .KJL1 3 by doublingthenumberof columns.
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Theorem 9 Givenan �z� � matrix "�G�.ZY�1 3 , constructan �ú� ��� matrix
�

byreplacingeach
�

in " with the ��� � matrix
å�� � ç and each � in " with the matrix

å � �^ç . Then
� G¶.KJL1 3ktwJ , and� G`.KJL1 3 if 4 is odd.

Proof: Assumethat
� �GT.KJL1 3 , andlet F bea row of

�
and , bea setof fewer than 4 rows of the

reducedmatrix
� NCPRQ suchthat ûXü - » �Ó� . We now use » specificallyto denotetherow » in

� NCPRQ ,
anddenoteby Ô 	 » 
 (or Ô 	 F 
 ) therow » (or F ) in " (not

�
). Then,basedontheconstructionof

�
,

» � Ô 	 » 
 � Ô 	 F 
 .
If pq,rp is even, ûÐü - Ô 	 » 
 � ûXü - » �Ñ� , asthe Ô 	 F 
 termscancel.Since pq,rp®�Ñ4 , however,

this resultcontradictstheassumptionthat "ýG�.ZY�1 3 . If p�,rp is odd, ûÐü -�� NCPRQ Ô 	 » 
 � ûÐü - » � � .
If p�,rpx� 4 �Ú� , this fact leadsto thesamecontradictionastheevencase,completingthefirst part
of theproof. To completethesecondpartof theproof, observe that pq,rp���4 implies pq,rp���4 � �
when pq,rp and 4 arebothodd.

While this constructionprovideslower boundson thecompactionratiosof codesin .KJL1 3 , the
codesproducedin this fashionaretypically neitheroptimalnor maximal. Consider, for example,
the .rJL1 M matricesgeneratedfrom Hammingcodes,suchastheoneshown below:

7}8

:=:�::=:�;:<; ::<;�;; :�:; :�;;=; :
þ ÿ 8

:<; :<; :�;:<; :<;=; ::<;�; :=:�;:<;�; :<; :; :�:<; :�;; :�:<;=; :; :�; :=:�;
Oneimprovementto the codeon the right is the additionof the row

å¬� � � � � � ç , which corre-
spondsto the

å��^�]�^ç
row not presentin the Hammingcodeon the left. Even with this extension,

however, thecodeis notmaximalfor six columns,asweshow with asecondconstructionspecific
to .rJL1 M .
Theorem 10 Given matrices "OJ � "µS}GÛ.KJL1 M , constructa third matrix

�
by concatenatingall

combinationsof rowsfrom "OJ and "µS ; rowsof
�

thuscorrespondto thetuples 	 F¹J � F�S 
 with F¹J a
row in "OJ and F!S a row in "µS . Then

� Gy.KJL1 M .
Proof: Assumethat

� �G�.KJL1 M , andlet F � 	 F¹J � F!S 
 bearow of
�

and� beasetof rowsof
�

such
that F �Gú� , p ��p]sÓ� , andtherows in � in thereducedmatrix

� NCPÐQ sumto 0. As "OJ0G±.KJL1 M , no row
of thereducedmatrix 	 "OJ 
 P Å equalszero,nor do any two rows sumto zero.Thesameconstraints
hold for 	 "µS 
 P Æ , since "µS+GT.rJL1 M . For thecasein which p �¯p � � , let � � � 	 ë�J � ëLS 
 � . Thereduced
form of row 	 ë�J � ëLS 
 mustthenbeexactly 0, implying that ë�J � F¹J and ëLS � F!S , andcontradicting
thefactthat 	 F¹J � F�S 
 is uniquein

�
. When p ��p � � , let p �¯p � � 	 ë�J � ëLS 
Ð�¼	 ��J � ��S 
 � . Thefact thatthe

reducedformsof the two rows sumto zerothenimplies that ë�J � ��J and ëLS � ��S , contradicting
thefactthat 	 ë�J � ëLS 
 is uniquein

�
andcompletingtheproof.
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Figure2: Graphsusedto constructsmallcodesin .KJL1 3 .
The constructionof Theorem10 canbe appliedrepeatedlyto generatematricesin .KJL1 M from

arbitrarily long tuplesof smallermatricesin .KJL1 M . Identity matricesV�S and V£M work well for this
purpose,andgiveoptimalresultsfor smallnumbersof outputs(we have provento at leastseven).
Tuplesof V£M with zero,one,or two elementsfrom V£S arecurrentlythebestknown codesin .KJL1 M ,
i.e., they provide thelargestnumberof inputsfor agivennumberof outputs.

Thematrix constructedfrom theHammingcodeusingTheorem9, afterbeingextendedwith
the row

å�� � � � � � ç , is equivalentto a 3-tupleof V�S . A 2-tupleof V�M , however, allows nine inputs
ratherthaneight,asshown below: :H;=; :<;�;:H;=;�; :�;:H;=;�;=; :; :<; :<;�;; :<;�; :�;; :<;�;=; :;ª; :�:<;�;;ª; :�; :�;;ª; :�;=; :

Tuplesof V�M provide thefollowing bound:

Corollary 4 For anyoptimal �T� � matrix "yG±.rJL1 M , �Üs î ÝÏÞàß^á M �Áâ .
Proof: Let � � ÝÏÞàß^á M �Áâ . Constructamatrix

� GI.KJL1 M asa � -tupleof V�M throughrepeatedapplica-
tion of Theorem10. Thematrix

�
has
î � columnsand

î � ¨ � rows,proving thecorollary.

Smallnon-trivial codesin any .rJL1 3 canbeconstructedeasilyby thinkingof thecodesasgraphs.
Recallfrom Theorem3 thattherowsof asmallestnon-trivial matrix in .0/21 3 musthaveweightof at
least5 � � , thusweconsiderrowswith weighttwo for the .KJL1 3 classes.However, amatrix in which
everyrow hasweighttwo is equivalentto agraph� 	 * ����
 in whicheachcolumnis representedby
anodeandeachrow is representedby anedgebetweentwo nodes.Thefollowing thenholds:

Theorem 11 Givena graph � 	 * ����
 , constructan p � p � p�*¯p matrix
�

from � asfollows. Each
nodeì G�* correspondsto onecolumnof

�
, andeach edgein 	 � ��ì�
 G � correspondsto a rowof�

with � s only in thecolumnscorrespondingto � and ì . Then
� GT.KJL1 3 iff � containsno cycles

of lengthlessthan 4 � � .
Proof: (sufficiency) Assumethat � hasno cyclesof lengthlessthan 4 � � , andpick �Ú{ � such
that ��sªp ��pÁsH4 . Let the graph � ¥ 	 * � � 
 be the graph � with all edgesnot in � removed. Let
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) bethesetof verticesof degree1 in � ¥ . Note that if therows in
�

correspondingto theedges
in � aresummed,all columnscorrespondingto pointsin ) sumto 1. Since � hasno cyclesof
length lessthan 4 � � , � ¥ is acyclic, and pq)°pÉ¨�� . Similarly, since p ��p|¨ª� , ) �� ��� ��ì � for
any 	 � ��ì�
 G¶� . If 	 � ��ì�
 G¶� correspondsto an unknowableinput, the reducedmatrix includes
all points in ) �+��� �£ì � , which cannotbe empty. The sumof the rows correspondingto edges
in �}�K� 	 � ��ì�
 � is thusnon-zero,andasthechoiceof � wasarbitrary,

� G`.KJL1 3 .
(necessity)Assumethat

� G�.KJL1 3 but thatacycleof lengthlessthan 4 � � alsoexistsin � . Pick
oneedgein thecycle, andlet F bethecorrespondingrow in

�
. As every vertex in thecycle has

exactly two edgesincidenton it, therows correspondingto theremainingedgesof thecycle sum
to zeroin thereducedmatrix

� NCPRQ . However, therearefewer than 4 suchrows,which contradicts
theassumptionthat

� G`.KJL1 3 andcompletestheproof.

Theprecedingtheoremcanbeusedto constructthesmallestnon-trivial codesfor 4�G�� î ��_ �
(andpossiblyfor highervaluesof 4 aswell) asfollows. Constructa ring of �¼4 � � nodes,then
adda bridgebetweendiametricallyopposednodeson thering usinganextra nodeasa bridge,as
shown in Figure2 for 4�GÓ� î ��_^� \¼� . Applicationof Theorem11 to the resultinggraphproduces
small,non-trivial codesin .KJL1 3 . Wemake thefollowing conjecture:

Conjecture 2 Let � 	 * ����
 be a graph with vertices * � � ì J ��½�½�½���ì SL3ktwJÐ� and edges� � � 	�ì J ��ì S 
Ð�¼	iì S ��ì M 
Ð��½�½�½��¼	iì SL3kt]S ��ì J 
 �Ò��� 	�ì J ��ì SL3ktwJ 
Ð�¼	iì SL3ktwJ ��ì 3 
 � . The �^4 �Ú	 �¼4 � ��
 matrix
correspondingto graph � is thesmallestnon-trivial codein .KJL1 3 .

Wehaveproventhisconjecturefor smallvaluesof 4 throughbruteforce(enumerative)reason-
ing, but suchmethodsdonotscalewell. Theminor theorembelow servesasanexample;notethat
thematrix is alsoa tupleof V£S and V�M , with thefirst andthird columnsforming therows of V�S (see
Theorem10).

Theorem 12 The � � \ matrixbelowrepresentsthesmallestnon-trivial codein .KJL1 M , andis max-
imal andunique: :�:<;�;=;; :=:�;=;;�; :�:<;:�;=; :<;:�;=;�; :;�; :�; :
Proof: Let " be thematrix of thesmallestnon-trivial codein .KJL1 M . FromTheorem3, we know
that eachrow in " hasweight of two or more. Pick a row F of " . All rows in the reduced
matrix " NCPÐQ mustbe non-zeroanduniquefor the codedefinedby " NCPRQ to have weight

î
. Thus,

with � outputs,wehaveatmost � ¾Ét]S rows in " , which impliesthatnonon-trivial codeexistsfor
� s _ . Similarly, for � � \ , all rows musthave weightsof exactly two, asthe existenceof a
row with higherweight limits thenumberof rows to four or fewer. With weight limited to oneor
two in "ONCPRQ , only sevenrows arepossiblein " . A codewith all sevenpossiblerows,however, is
not in .KJL1 M , andonerow mustbeeliminated,giving thematrix shown above. (All choicesresultin
matricesisomorphicunderpermutationsof rows andcolumns.)
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6 Bounds

Thissectiondiscussesasymptoticboundsoncompactionratios.Althoughweapplythetechniques
hereonly to the .0/21 M classesasexamples,severalof theapproachesarereadilygeneralizedto .0/21 3 .
We assumethat thematricesof interestarebothoptimalandmaximal,andthat the rows of such
matricesin .0/21 3 (with 5�¨ � ) have equalweight. While this assumptionis clearly not valid
for codesin .ZY�1 3 , the processof forming reducedmatricesseemsto encouragemoresymmetric
patterns,suchasthosenecessaryto meettheboundof Sperner’s Theorem.

The fractional row weight � of an ��� � matrix is the row weight divided by � , i.e., the
total numberof 1s in thematrix dividedby � � . Thefunction Ç|/21 3 	 � � � 
 specifiesthemaximum
numberof rows in a matrix "=G .0/21 3 with � columnsandfractionalrow weight � . We assume
that all of the Ç|/21 3 converge asymptotically(in � ) to the form � 	 polynomialof � 
 å�æ /21 3 	 � 
 ç ¾ ,
andomit thepolynomialscalingfactor.

We calculateanupperboundbasedon the recursive relationshipdefinedby matrix reduction
betweenclassesof X-codes. Given an �9� � matrix " G}.0/21 3 , let F a row of " . The weight
of F is �¹� . Thefractionalrow weight � ¥ of thereducedmatrix " NCPÐQ6G�.0/utwJL1 3 limits themaximum
numberof rows in " :

Ç|/21 3 	 � � � 
 s Ç|/utwJL1 3 	�	X�Z� � 
 � � � ¥ 

In orderto maketheboundastight aspossible,therow F shouldbechosento minimize ÇÉ/utwJL1 3 	 ��¥ 
 .
As long as the function ÇÉ/utwJL1 3 doesnot have a local minimum at � , the bestvaluethat canbe
guaranteedis � ¥ � � , asall rowsmayobey this equality. Theboundthenbecomes

Ç|/21 3 	 � � � 
 s Ç|/utwJL1 3 	�	X�Z� � 
 � � � 
åqæ /21 3 	 � 
 ç ¾ s åqæ /utwJL1 3 	 � 
 ç�� J[t	��
�¾æ /21 3 	 � 
 s åqæ /utwJL1 3 	 � 
 ç�� J[t	��

Notethatif a local minimumoccursat � , thebounddoesnotapply, asa row with � ¥ � � maynot
exist.

The function
æ Y�1 M 	 � 
 is readilycalculated.While it is not usefulfor limiting codesin .ZY�1 M , it

does(with givenassumptions)boundthestructureof the reducedmatricesof codesin .6/21 M . The
maximumnumberof rowsof weight �x� with � columnsis simply

�
�x�

� �IÍ	 �¹� 
 Í 	X	X�Z� � 
 � 
 Í� å � � 	X�Z� � 
 � J[t	��
 ç t^¾
by application of Stirling’s approximation, and leaving out the polynomial factors. Thusæ Y�1 M 	 � 
 � ��U å � � 	X�Z� � 
 � J[t	��
 ç , whichis—perhapsnotsurprisingly—tworaisedto theentropy of � .
Calculationof theseboundsfor several .0/21 M classesappearsin Figure3.
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Figure3: Upperboundsfor a few .6/21 M . Theconstructionis thatof Corollary4.
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